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PREFACE TO SECOND EDITION. 


The; following remarks appeared in the Preface to the First Edition 
of this book : — “This work aims at the presentation of two leading 
features in the study and application of the higher mathematics. 
In the first place, the development of the rati' male of the subject 
is based on essentially concrete conceptions, and no appeal is made 
to what may be termed rational imagination extending beyond the 
limits of man’s actual physical and physiological experience. Thus 
no use is anywhere made of series of infinite numbers of things 
or of infinitely small quantities The author believes that the 
logical development is both sound and complete without reference 
to these ideas. 

“In the second place, a set of Eleven Classified Tables of 
Integrals and Methods of Integration has been arranged in such 
manner as seemed best adapted to facilitate rapid reference, and 
thus relieve the mind engaged in practical mathematical work of 
the burden of memorising a great mass of formulas. 

“ Critics who are schoolmen of the pure orthodox mathematical 
faith may find it hard to reconcile the ideas that have with them 
become innate, with some of the methods, and possibly some of 
the phraseology, here adopted. We only ask them tc 3mcmber 
that there is arising a rapidly increasing army of n^en eagerly 
engaged in the development of physical research and in the 
industrial applications of scientific results, with the occasional 
help of mathematical weapons, whose mental faculties have been 
wholly trained by continuous contact with the hard facts of 
sentient experience, and who find great difficulty in giving faith 



VI 


PREFACE TO SECOND EDITION. 


to any doctrine which lays its basis outside the limits of their 
experiential knowledge.” 

Experience m the use of the book since its first publication has 
confirmed the author in his belief that the basis upon which its 
treatment of the Calculus is built is sound, rational, logical, and 
that its form affords an easy and rapid method of acquiring power 
to apply, correctly and safely, the higher mathematics to technical 
problems. The method is good for technicians and physicists 
because it is easy and rapid. Ease and rapidity would be funda- 
mentally damning faults if it were illogical, or if it did not grow 
from the roots of the realities of the subject-matter. It it were 
illogical, it would be destructive of the intellectual training of the 
student. JNo illogicality has been discovered in the course of a 
narrow criticism undertaken during the revision for this second 
edition. Tf it he throughout correctly logical, the swifter the 
habit of logical thinking to which the student is trained, the better 
for his intellectual growth. But the special virtue of the mol hod 
is that this intellectual growth in mathematical power is from 
beginning to end fed by contemplation of the mechanical and 
physical facts the reality and truth of which are already parts of 
his familiar mental consciousness ; his primary knowledge of which 
is, indeed, often vague and uncritical, and which he now learns to 
analyse into strictly definite ideas. If this habit of correlating 
mathematical thinking with external observation become a con- 
firmed one, then his mental activity, both in logical analysis and 
in observation of external facts, must automatically develop con- 
tinuously and permanently after his formal study of mathematics 
has ceased. It is only by virtue of this habit that mathematical 
knowledge becomes of use in physics and technical engineering. 

The author has no fault to find with the older methods of study 
of transcendental mathematics, provided always that they he 
followed only by the select few who by temperament and choice 
are destm :d to make pure mathematics their one and only field of 
lifelong acrvity. This special kind of activity may he useful to 
the progress of hvuumity, and, although the methods are old, they 
develop year by year in the schools m new directions and arrive 
at new results. But it is only a very few specially constituted 
minds which are adapted to pursue these studies successfully. 
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What needs to he recognised is that it is had training for the 
many not so constituted, and — wli.it is of the most urgent impor- 
tance — that mathematicians of tins stamp are unsuited to he, and 
indeed incapable of being, teach ei s of technical mathematics. 

In the revision for this new edition the work lias been very 
carefully searched for errors. Those that have been discovered, 
chielly in the cross-references between Parts I. and Jl., have been 
rectified Tt is hoped that the volume is now practically free 
of error. 

Considerable additions have been made, mostly in the form of 
Appendices. These deal for the most part with new applications, 
tin*, original work of the author, to specially impoitant technical 
problems, and partial Lilly to ihe piohlem* of economy in con- 
struction. They include, also, additions to Part IT. in the 
Reference Tables of Integrals. In the <*<>uiso of new applications 
to technical work, general fonu of integration which are either 
new or whose frequent practical utility is novel, demand a place 
in such Reference Tables Potli in the development of Electrical 
Engineering and in the stricter application of scientific method to 
Mechanical Design, tins process of development is almost con- 
tinuous and inevitable. 

KUliERT II. SMITH. 


1908. 
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THE CALCULUS FOR ENGINEERS. 


CHAPTER [. 

INTRODUCTORY. 

1. Integration more useful than Differentiation. — In phy- 
sical and engineering investigations the Integril Calculus lends 
more frequent aid than does the Differential Calculus, and the 
problems involving the Integral are more often of a practically 
important type than those requiring the Differential Calculus alone 
in their solution. l>ut the ordinary student of mathematics never 
reaches even an elementary knowledge of Integration until he has 
mastered all hut the most recondite portions of the science of 
Differentiation. 

It seems a priori irrational, and contrary to a liberal conception 
of educational policy, to tcacli the higher mathematics in a manner 
so contrary to almost self-evident utility. Adherence to this the 
orthodox method of teaching m the Schools and Universities is, no 
doubt, responsible for the persistent unpopularity of this branch of 
knowledge and intellectual training among the classes devoted to 
practical work. 

2. Method of the Schools. — It must he admitted that no great 
progress can he made in Integration without help from the results 
obtained by Differentiation. Therefore, so long as the two are 
taught as distinct subjects, by the aid of separate text-books, it is a 
distinct convenience to the teachers to finish off one before entering 
upon the other. If they he thus separated into two successive 
periods of study, it becomes a practical necessity to give Differ- 
entiation the priority in point of time. 

3. Rational Method. —Still, it by no means follows that the 
whole of the science of Differentiation must be known before any 
of that of Integration can be explained, thoroughly mastered, and 
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utilised. The ordinary system of teaching the subject forces the 
practical student to spend on Differentiation an amount of time 
altogether needless for his professional objects before he enters upon 
Integration. Much of the former he will never use. The latter, 
from the very beginning, will supply him with abundant problems 
of immediate interest and importance m his own special work, and 
will, moreover, furnish him with a powerful engine that will enor- 
mously lighten the difficulties of his own professional subjects and 
make his progress in these tenfold more rapid. 

Let it be noted, also, that very frequently the reasoning used to 
find an integral is essentially the same as that used to find the 
inverse differential. It is thus pure waste of tune to go through 
this reasoning twice over. Once understood, it leads to the simul- 
taneous recognition of the two inverse insults, both of them, it may 
be, eminently useful. Therefore, as far as practicable, the study of 
Differentiation and Integration ought to be pursued pari passu. 

4. Active Interest in the Study. — In modern education, in 
which such largo demands are made upon the intellectual energu s 
of the pupil, the necessity of the stimulus of a real active interest, 
opening out easily recognised prospects of broadening and deepening 
knowledge and of utilitarian advantage, ought to be conceded in 
the freest and most liberal fashion Moreover, it is right to load 
the. pupil along the easiest road, provided it he a legitimate one. 
The thoroughness of the training lie receives in habits of sound, 
trustworthy scientific thought depends more upon the length of 
time he is guided within the limits of correct method, and less 
upon whether he travels a short distance on a rugged and difficult 
path or a long distance upon a plainer and smoother route. 

5. Object of Present Treatise. — The object of the present 
treatise is to introduce the student at once to the fundamental and 
important, uses of the Integral Calculus, and incidentally to those 
of much of the Differential Calculus. This we desire to do in such 
a way as to stimulate a growing desire to progress always further 
in a branch of science which soon shows itself capable of supply- 
ing .the key to so many practical investigations. 

6. Clumsiness of Common Modes of Engineering Analysis. — 
At the present time our technical text-hooks are loaded with 
tedious and clumsy demonstrations of results that can he obtained 
“in the twinkling of an eye” by one who has grasped even only 
the elements of the Calculus. These demonstrations are supposed 
to bo “ elementary.” They are not really so ; each of them really 
contains, hidden with more or less skill, identically the same 
reasoning as that employed in establishing the Calculus formulas 
applicable to the ease in hand. They are, in fact, simply laboured 
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methods of cheating the student into using the Calculus without 
ins knowing that he is so doing. There is no good reason for this. 
The elements of tin* Calculus may he made as easy as those of 
.Algebra or of Trigonometry. More good, useful scientific result 
cau he obtained with less labour by the study of the Calculus 
than by that of any other branch of mathematics. 

7. Graphic Method. — Much of the Calculus can he rigorously 
proved by the graphic method ; that is, by diagram. This method 
ih here used wherever it oifem tin*, simplest and plainest proof ; hut 
where other methods seem easier and shorter they are preferred. 
The present hook is strictly confined to its own subject ; and, 
wherever it is neces«r,y, the results proved in hooks on (Geometry, 
Algebra, Trigonometry, etc , are freely made use of ; employing 
always, however, the most elementary and most generally known 
of these results as may he sufficient for the purpose. 

8. Illustrations. — K very v here the meaning and the utility of 
the results obtained are illustrated by applications to mechanics, 
thermodynamics, electrodynamics, problems in engineering design, 
etc., etc. 

9. Classified List of Integrals. --The part of the book which is 
looked upon by its authors as the most important and the most 
novel is the last, namely, the Classified Reference List of Integrals. 
This is really a development of a Classified List of Integrals which 
one of the authors made twenty years ago to assist him in his 
theoretical investigations, and which he has found to be con- 
tinuously of very great service. He has never bolieved in the 
policy of a practical man’s burdening his memory with a load of 
theoretical formulas. Let him make sure of the correctness of these 
results, and of the methods by which they were reached. Let him 
very thoroughly understand their general meaning, and especially 
the limits of their range of applicability ; let lnm recognise clearly 
the sort of problem towards the solution of winch they are suited 
to help; let him practise their application to this sort of problem 
to an extent sufficient to make him feel sure of liimself in using 
them in the future m the proper way. Then let him keep notes 
of these results in such a manner as will enable him to find them 
when wanted without loss of time ; and let him particularly avoid 
wasting his brain-power by preserving them in his memory. The 
more brain-power is spent in memorising, the less is there left for 
active service in vigorous anil wary application in new fields to 
attain new results. Formulas have a lamentable characteristic in 
the facility they offer for wrong application. A formula fixed 
perfectly in the memory, and the exact meaning and correct mode 
ancl limits of whose application are imperfectly understood, is a 
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pure source of misfortune to him who remembers if. Tt is infinitely 
more important to cultivate the facility of cautious anil yet ready 
use of formulas than to have the whole range of mathematical 
formulas at one's finger ends ; and this is also of immensely greater 
importance to tlie practical man than to keep in mind the proofs 
of the formulas. 

To obviate the necessity of such memorisation the “Classified 
Eeference List of Integrals’' has been constructed in the manner 
thought most likely to facilitate the rapid finding of whatever may 
he sought for. The results are not tabulated in “rational" order, 
that is, in the order m which one may he logically deduced from 
preceding ones. They are classified, firstly, according to subject, 
p.g., Algebraical, Trigonometrical, etc., etc., and under each subject 
they are arranged in the order of simplicity and of most frequent 
utility. A somewhat detailed classification lias been found desir- 
able in order to facilitate cross-references, the free use of which 
greatly diminishes the bulk of the whole list. The shorter such a 
list is made, the easier is it to make use of. 

10. Scope of Prefatory Treatise. — This treatise does not prove 
all the results tabulated in the “ Reference List." The latter has 
been made as complete as was consistent with moderate bulk, and 
includes all that is needed for what may he described as ordinary 
work, that is, excluding such higher difficult work is is never 
attempted by engineers or by undergraduate students of physics. 
The treatise aims at giving a very thorough understanding of the 
principles and methods employed in finding the results stated 
concisely in the “Reference List"; proofs of all the fundament- 
ally important results; and, above all, familiarity with the practical 
uses of these results, so as to give the student confidence in his own 
independent powers of putting them to practical use. The last 
chapter on the Integration of Differential Equations ought to aid 
greatly in pointing out the methods of dealing with various classes 
of problems. The ninth chapter, on Maxima and Minima, is per- 
haps more illustrative than any other of the great variety of very 
important practical problems that can be solved correctly only by 
the aid of the Calculus. 
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0 U A PTE U II. 

GENERAL IDEAS AND PRI NOIPLES VLGEBK Aid AND GRAPHIC 
SYMBOLISM. 

11. Meaning of a “ Function. ” — Suppose? tliat a section he 
made through a hilly hit of country for some engineering purpose, 
such as the making of a highway, or a tail way, or a canal. The 
levels of the diiierent points along tin* section are obtained by the 
use of the Engineer’s Level, and the horizontal distances by one or 
other of the ordinary surveying method* Let, lig. 1 he the plot- 
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ting on paper of the section. According to ordinary practice, the 
heights would 1m* plotted to a much opener scale, than the. horizontal 
distances ; but m order to avoid complication m a first illustration, 
we will assume, that in lig. 1 heights and distance* are plotted to 
the same scale. 

Each point P on this section is defined strictly hy its level h 
and its horizontal position /. The former is measured from some 
conveniently chosen datum level. The latter is measured from any 
convenient starting-point. These two are called by mathematicians 
the co-ordinates of tilt* point I* on the emve ABC, etc. 

For each ordinate / there is one defined value of the, co-ordi- 
nate h\ except throughout the stretch MN, where a break in the 
curve occurs. Butting aside this exception, the height It is, when 
this strictly definite relation exists, called m mathematical language 
a “function” of / ; or 

Height - Function of Horizontal Distance, 
or, more simply written in mathematical shorthand, 


h — h'(J). 
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12. Ambiguous Cases.— As scon from the dotted line drawn 
horizontally through P, there are three points on the section at the 
same level. Thus the statement that 

Distance = Function of Height 

or 

K/(/') 

must be understood in a somewhat different sense from the first 
equation : namely, in the sense that, although for each height there 
correspond particular and exactly defined distances, still two or 
more such distances correspond to one and the same height, so that, 
if nothing but the height of a point were given, it would remain 
doubtful which of two or three horizontal positions it occupied. 
This ambiguity can only be cleared away by supplying special in- 
formation concerning the point beyond that contained in the 
equation. 

13. Inverse Functions.- The two formulas 

h = Y(l) 

and 

i=m 

are simply two different forms into which the relation between ft 
and Z, or tlie equation to the curve, can be thrown. The first 
form may be called the solution of the equation for h; the 
second the solution of the equation for /. 

The functions F( ) and/( ) are said each to be the “inverse” of 
the other. An inverse function is frequently indicated by the 
symbol - 1 put in the place of an index. For example, if s 
be sin a, then the angle a may he written sin ~ \ Or if I be the 
logarithm of a number N, or / = log N ; then N - log V, which ex- 
pression means that “ N is the number whose log is /.” 

14. Indefiniteness of a Function in Special Cases. — The 
stretch of ground from R to S is level. Here the value of h corre- 
sponds to a continuously varying range of values of Z. For this 
particular value of h, therefore, wo have between certain limit* m - 
definiteness in the solution for L 

If there were under the point «T a stretch of perfectly vortical 
cliff, then for the one value of / to this cliff the solution for h would 
be similarly indefinite between the limits of level at the foot and at 
the top of the cliff. 

15. Discontinuity.— From M to N there is a break in the curve. 
In such a case mathematicians say that ft is a discontinuous 
function of l ; the discontinuity ranging from M to N. 
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16. Maxima and Minima - From A to C the ground rises ; from 
C to E it falls. At C we have a summit, or a maximum value 
of h. This maximum necessarily comes at the end of a rising and 
the beginning of a falling part of the section. Evidently the 
converse is also true, viz., that after a rising and before the 
following falling part there is necessarily a maximum, provided 
there he no discontinuity betiueen these tivo 2 j arts. There is another 
maximum or summit at K. 

The ground falls continuously from C to E, and then rises again 
from E onwards. There is no discontinuity here, and E gives, 
therefore, a lowest or minimum value of h. This necessarily 
comes after a falling and before a rising part of the section ; 
and between such parts there necessarily occurs a minimum, if 
there be no discontinuity. 

We have here assumed the forward direction along the section 
to be from A towards the right hand. But it is indifferent whether 
we call this or the reverse the forward direction as regards the 
distinction between maximum and minimum points. 

17. Gradient or Differential Coefficient. — Each small length 
of the section has a definite slope or gradient. Engineers always 
take as the measure of the gradient the ratio of the rise of the 
ground between two points near each other to the horizontal dis- 
tance between the same points. This must be carefully distin- 
guished from the ratio of the rise to distance measured along the 
sloping surface. This latter is the sine of the angle of inclina- 
tion of the surface to the horizontal ; whereas the gradient is the 
tangent of the same angle of inclination. This gradient is the rate 
at which h increases with /. It is, in the present case, what is 
called a space rate, or length rate, or linear rate, because the 
increase of h is compared with the increase of a length l (not because 
h is a length, but because l is a length). 

If at the point Q the dotted line Q q be drawn touching the sec- 
tion curve at Q, then the gradient at Q is the tangent of the angle 
Q'/O. The touching line at point P on the downward slope cuts 
00' at j?, and the tangent of PpO' is negative. It equals the 
tangent of PpO with sign reversed. 

In the language of the Calculus this gradient is called the Dif- 
ferential Coefficient of h with respect to /. Taking the forward 
direction as from A towards the right hand, the gradient is upward 
or positive from A to the summit C ; downward or negative from 
C to the minimum point E; positive again from E to K, and 
negative from K to M. From 1ST to R it is positive, and along RS 
it is zero. 

18. Gradients at Maxima and Minima. — At each maximum 
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and minimum point (C, E, K) the gradient is zero. At each maxi 
mum point (C, K) it passes through zero from positive to negative. 
At a minimum point (E) it passes through zero from negative to 
positive. 

At H there is also level ground, or zero gradient. Here, how- 
ever, there is neither maximum nor minimum value of h. This 
point comes between two rising parts of the section : there is a 
positive gradient both before and after it. Although, therefore, 
we find zero gradient at every maximum and at every minimum 
point, it is not true that we necessarily find either a maximum or 
a minimum wherever there is zero gradient. 

19. Change of Gradient. — On the rising part of the ground it 
becomes gradually steeper from A to B ; that is, the upward gra- 
dient increases. Otherwise expressed, there is a positive increase of 
gradient. From B to C, however, the steepness decreases; there 
is a decrease of gradient, or the variation of gradient is negative 
(the gradient itself being still positive) 

Thus the variation of gradient being positive from A to B and 
negative from B to C, passes through the value zero at B, the point 
where the gradient itself is a maximum. 

From C to D the gradient is negative, and becomes gradually 
steeper ; that is, its negative value increases, or, otherwise expressed, 
its variation is negative. From D to E the gradient is negative, 
but its negative value is decreasing, that is, its variation is positive. 
Thus at 1) the variation, or rate of change of gradient, changes 
from negative to positive by passing through zero, and at this point 
D we have the steepest negative gradient on this whole slope CE. 
The steepest negative gradient, of course, means its lowest value. 
Thus at I) we have a minimum value of the gradient. 

20. Zero Gradients.— The distinction between the three parts 
C, E, and H, at all of which the gradient is zero, becomes now clear. 
At C the variation of the gradient is negative, and this gives a 
maximum height. At E this variation is positive, and here there 
is a minimum height. At H this rate of variation of the gradient 
is zero, and here, although the gradient be zero, there is neither 
maximum nor minimum height. 

21. Discontinuity or Break of Gradient. — Wherever there is a 
sharp corner in the outline of the section, as at I, J, R, S, T, U, 
there is a sudden change or break of gradient. This means that 
at each of these points there is discontinuity of gradient ; and 
the above laws will not apply to such points. 

Wherever there are points of discontinuity, either in the curve 
itself or in its gradient, special methods must be adopted in any 
investigations that may be undertaken in regard to the character- 
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istics of the law connecting the ordinates. The methods applicable 
to the continuous parts of the curve may, and usually do, give 
erroneous results if applied to discontinuous points. 

22. Infinite Gradient. — Under J the face being vertical, the 
gradient is commonly said to be “ infinite.” At each of the sharp 
points 1, J, R, S, T, U, the variation of gradient being sudden, 
the rate of variation of gradient becomes “ infinite.” More cor- 
rectly expressed, there exists no gradient at J ; and at 1, J, R, etc., 
there are no rates of variation of gradient 

23. Meaning of a Function.” — The symbolic statement 

is not intended to assert that the relation between l and li is 
expressible by any already investigated mathematical formula, 
whether simple or complicated. For example, in fig. 1 the said 
relation would be extremely difficult to express by any algebraic 
or trigonometric formula. Equally complicated would be the law 
expressing the continuous variation of, for example, the horse- 
power of a steam-engine* on, say, a week's intermittent running ; or 
that connecting the electric out-put of a dynamo when connected 
on to a circuit of variable and, perhaps, intermittent conductivity. 
Yet separate short ranges of these laws may in many cases be 
approximated to by known mathematical methods ; and even when 
this is not possible, many very interesting, important, and prac- 
tically useful special features of the general law may be investi- 
gated by mathematical means, without any exact knowledge of the 
full and complete law. Thus without making any reference to, or 
any use of, the exact form of the function F( ) in the equation 
applicable to fig. 1, we have already been able to point out many 
important features of the law it represents. 

24. Horse-power as a Function of Pressure. — Again, although 
the actual running of, say, a steam-engine from minute to minute 
varies with many changes of condition, still, if we choose to investi- 
gate the separate effect of one only of these changes, for instance, 
change of initial pressure, it may be found fairly simple. Thus we 
may write 

Horse-power = Function of Initial Pressure, 
or 

HP « </>(p), 

where p is the pressure. This means that any change of pressure 
changes the horse-power ; and to investigate the separate effect of 
change of pressure on horse-power, we consider all the other con- 
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ditions to remain (if possible) constant, while tho ])ressure changes. 
Some other conditions may themselves necessarily depend on the 
pressure, and these, of course, cannot be assumed to remain con- 
stant. For example, the cut-off may be supposed to remain con- 
stant. But the amount of initial steam condensation in the cylin- 
der depends partly on the initial pressure, and it cannot, therefore, 
be assumed a constant in tho equation HP == cf>( p). Similarly, the IIP 
may be considered as a function of the speed, it alone being varied 
while all other things are kept constant. Or the HP may be taken 
as a function of the cut-off, the initial pressure, the speed, and 
everything else being kept constant, while the cut-off is varied. 

25. Function Symbols. — When different laws connecting certain 
varying quantities have to be considered at the same time, different 
symbols, such as 

f ( o , m m m, 

are used to indicate the different functions of l referred to. 

26. Choice of Letter-Symbols. — In fig. 1 we have used l to 
represent a distance, because it is the first letter in the word 
“lentjfh,” and similarly h to represent “ heifjlrt” It is very desir- 
able when letter-symbols have to be used, to use such as readily 
call to mind the nature of tho thing symbolised. Especially in 
practical applications of mathematics, and more particularly when 
there is any degree of complication in the expressions involved, is 
the adherence to this rule to be strongly recommended. By keep- 
ing the mind alive to the nature of the things being dealt with, 
error is safeguarded against, and the true physical meaning of the 
mathematical operations and of their results are more easily grasped. 
Without a complete understanding of the physical meaning of the 
result, not only is the result useless to the practical man, but its cor- 
rectness cannot be judged of. If, on the other hand, the physical 
meaning be fully grasped, any possible error that may have crept 
in in the mathematical process of finding the result, is likely to bo 
detected and its source discovered without great difficulty. 

27. Particular and General Symbols.— -But' many mathemati- 
cal rules and processes have such wide application to so many 
entirely different physical conditions, that, in order the more clearly 
to demonstrate the generality of their application, mathematicians 
prefer to use letter-symbols chosen purposely so as to suggest only 
with difficulty anything endowed with special characteristics; such 
as x , y, z, symbols which do not suggest to the mind any idea 
whatever except that of absolute blankness. 

It is doubtful whether this is a desirable habit in mathematical 
training. It seems probable that a course of reasoning might be 
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morn firmly established in the mind of the student if he were first 
led through it in its concrete and particular aspect — the mind being 
kept riveted on one special set of concrete meanings to be attached 
to his symbols — and then afterwards, if need be, he may go through 
it again once, twice, or, if necessary, a dozen times, in order to dis- 
cover (if or when this be true) that the general form of the result 
will remain the same whatever particular concrete meanings be 
attached to his symbols. 

28. x , y y and z. — There is one feature in the use ordinarily 
made of x , //, z in mathematical books which the writer thinks is 
a real evil. In his earlier chapters the orthodox mathematician 
establishes a habit of using y Lo indicate a function of x : he con- 
stantly writes y — f(x) : that is, he takes // to represent a thing 
dependent on x, and which necessarily changes in quantitative 
value when x changes. But in his later chapters he uses y 
and x as two independent variables, that is, as two quantities 
having no sort of mutual dependence on each other, the variation 
of either one of which has no effect whatever upon the other. This 
is apt to, and does, produce confusion of mind ; especially as regards 
the true meaning of different sets of formulas very similar in appear- 
ance, one referring to y and x as mutually dependent quantities, 
the other referring to y and x as independent variables. 

29. Functions of .r. -When x is used to indicate a variable 
quantity, any other quantity whose value varies in a do Unite way 
with the varying values of x, may be symbolically represented in 
any of the following ways : — 

F(*)> /(*). '/'(•'•). x( x )> and x > * or E - 

The last forms, X, etc., are for shortness and compactness as con- 
venient as //, and are more expressive. They will be used chiefly 
in connection with x in the following pages. 

30. X dependent on x. — X may mean a function which is capable 
of being also changed by changing the values of one or more other 
quantities besides x ; but in so far as it is considered as a function 
of #, consideration of these other 2wsdl>le changes is eliminated by 
supposing them not to occur. This is legitimate because these other 
elements which go to the building up of X do not necessarily 
change with x. All elements involved in X, which necessarily 
change with x, are to be expressed in terms of x, and their variation 
is thus taken account of in calculating the variation of X. 

31. Nature of Derived Functions.— In dealing with functions 
of this kind, mathematicians call x the “ independent variable,” a 
somewhat unhappy nomenclature. X and x are in physical reality 
mutually dependent one on the other. In the mathematical 
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formula, however, X being expressed in terms of x , it is considered 
as being derived from, or dependent upon, x ; the various values of 
X being calculated from those of x , and the changes in X being 
calculated from the changes in x. Thus it should be borne in mind 
that the dependence of the one on the other suggested in the 
commonly used phrase “ independent variable ” is purely a matter 
of method of calculation, and not one of physical reality. 

32. Variation of a Function. — Similarly Y may be used to 
indicate a derived or “ dependent ” function whose value depends 
only upon constants and upon the variable //. 

Or L may be made to denote a derived function depending only 
on constants and on the variable /. 

33. Scales for Graphic Symbolism. — Those readers of this 
treatise who are engineers must, from practice of the art of Graphic 
Calculation, be familiar with the device of representing quantities 
of all kinds by the lengths of lines drawn upon paper, these 
lengths being plotted and measured to a suitable Scale. 

So long as the quantity of a function is its only characteristic 
with which we are concerned, each quantity can always be repre- 
sented by the length of a line drawn in any position and in any 
direction on a sheet of paper, the scale being such that 1 inch or 
1 millimetre of length represents a convenient number of units of 
the kind to be represented. In “ Graphic Calculation ” we very 
commonly represent on the paper also the two other characteristics 
of position and direction of the things dealt with ; but in the 
Differential and Integral Calculus, so far as it is dealt with in this 
treatise, we are concerned only ‘with quantity . 

It is convenient to draw all lines representing the various values 
of the same kind of thing in one direction on the paper. Thus we 
may plot off' all the x’s horizontally and the corresponding X’s 
vertically. Tf, when the magnitude of x is varied continuously 
(i>., without break or gap), the change of X be also gradual and 
continuous, there is obtained by tills process a continuous curve 
which is a complete graphic representation of the law connecting 
X and x. The student ought at the outset to understand fully the 
nature of this kind of representation. Tt is clear that it is in its 
essence as wholly conventional and symbolic as is the letter- 
symbolism of ordinary algebra. Spoken words, written words, 
and written numbers are in the same way conventional ; they also 
constitute systems of arbitrary symbolism. Graphic diagram repre- 
sentation is neither more nor less symbolic and arbitrary than 
ordinary language. 

34. Ratios in Graphic Delineation. — The curve in fig. 2 is such 
a graphic delineation of a law of mutual dependence between X 
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and x. If X be of a different kind from x , it is impossible to form 
any numerical ratio between the two scales to which X and x are 
plotted. For instance, if the X’s are ft.-lbs. and the feet, then 
the vertical scale may be, perhaps, 1"— 10,000 ft. -lbs., and the 

horizontal scale 1" = 10 ft. ; but the number or 1000, is 

not a pure ratio between the two scales. But in physics we have 
relations between things of different kinds, which are called physical 
ratios. It is only by use of such physical ratios that derived 
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quantities are obtained. Thus the physical ratio between a 
number of ft.-lbs. and a number of feet, or ft.-lbs./ft., is a number 
of lbs. The ratio is of an altogether different kind, in this case 
lbs., from either that of the dividend or that of the divisor. 

Now the ratio between a height and a horizontal distance on the 
paper is a gradient measured from the horizontal. 

In this example, then, a gradient would mean a number of lbs., 
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and each gradient would represent lbs. to a certain scale. Con- 
tinuing the above example, a tangent or gradient measuring unity 
on the paper, ?>., the tangent of 45°, would mean 


KbOOOjft.-lbs. 
10 ft. 


= 1000 lbs. 


This is the scale to which gradients from axis of x are to be 
measured ; or 


Unit gradient — 


Unit height on paper 
Unit horizontal length on paper 


= 1000 lbs. 


Gradients measured from the axis of X have a reciprocal interpre- 
tation and are to be measured to a reciprocal scale. Thus a*/X 
means ft./ft.-lbs., or 1/lbs., that is, the reciprocal of a number 
of lbs. 

35. Differential Coefficient, r-Gradient or X'. — The gradient 
from axis of x of the curve at any point x 7 X, is called the “Differ- 
ential Coefficient of X with respect to .r,” and is symbolised by 

either or X'. 


The phrase “ Differential Coefficient of X with respect to x ” is 
a cumbrous one. A shorter phrase is 

the ^-gradient of X ; 

and as this phrase is very easily understood and definitely descrip- 
tive, it is used in this treatise 

The gradient of the curve from the axis of X is the reciprocal of 
the above. It is called 


the Differential Coefficient of x with respect to X, or 
the X-gradient of x; 


and is shortly written — - . 

(lux. 

36. Scale of X'. — The scales of X and x are in general different ; 
and that of X' must always be different from either of these. The 

dv 

numerical relation between these scales and that of ~ may be 

(lux 

thus expressed : 

Let 


the scale of the x’s he 1" = * units of the x kind or quality ; 

X J 1 // __ Q Y 

s ,, i — o ,, ,, -A. ,, 


» 
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In fig. 3, + x is measured towards tlie right and + X upwards ; 
negative x’s are measured towards the left and negative X's down- 
wards. 

The student should follow out the variations from + through 0 
dx 

to - of both X' and — throughout the lengths of all the four 
dX 

curves A, B, C, and D in each of the four quadrants. 

38. Subtangent and Subnormal. — In fig. 2 there are drawn 
three lines from a point xX of the curve, viz., a vertical, a tangent, 
and a normal. These intercept on the axis of x the lengths 
marked T* and N* on the diagram. T* is called the subtangent 
and X* the subnormal. 

Since (by definition) the tangent has the same gradient as the 
curve at its touching point, evidently 


and 



or T, — 


X 

X' 


dx 

dX 


1 

X' 



or X c 


X'X. 


Here T* measured to the a*- scale, and interpreted as being 
of the same kind as the x’s, is a true graphic representation of 
X/X'. 

dx 

But is of the same kind as x/X, and, therefore, would be 
(IX 

not of the same kind as X/X*, if X a were measured to the #-scale, 
and interpreted as of the same kind as x . Thus in order that X* 
may be used as a true graphic representation of X'X, which is of 
the same kind as X‘ 2 /x, care must be taken not to measure it 
to the #-scale, and not to interpret it as the same kind of thing 
as x. 

Tf the diagram were replotted, leaving the aj-scale unaltered, and 
making the X-scale more open, the paper-height of X would be 
increased, and the paper-gradient X' would be' increased in the 
same proportion. It can easily be shown that the paper-length of 
T* would remain unaltered, while that of X* would be increased in 
a ratio which is the square of that in which X is increased. Simi- 
larly if, while the X-scale is maintained unchanged, the asscale 
were altered so as to increase the paper-length of x, then the 
paper-gradient of the curve would be decreased in the same pro- 
portion as x is increased ; T* would be increased in the same pro- 
portion as x ; X, would be decreased in the same proportion. 

Thus X, in order to be a true graphic representation of X'X, a 
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quantity whoso dimensions are those of X 2 //, must be measured to 
the scale 

1" = ^- units of the kind. 

In fig. 2, T t and N, are taken upon the /-axis, and may be termed 
the /-subtangent and /-subnormal. If the curve-touching line and 
the normal he prolonged to cut the X-axis, they and the horizontal 
through the touching-point will give intercepts on tho X-axis, 
which mfty be termed the X-subtangent and X-subnormal, and 
may be written T x and N v . They are shown on fig. 2, and their 
proper scales are given below. 

39. Scale of Diagram Areas.— An area enclosed by any set 
of lines upon such a diagram may be taken as the graphic repre- 
sentation of a quantity of the same kind as the product X/, and 
must be measured to the scale, 1 sq. inch = (S«) units of the (X/) 
kind. 

40. Table of Scales.— The following is a table of interpreta- 
tions of the diagram. This diagram will be constantly used here- 
after for both illustrations and proofs, which latter cannot be 
accepted as legitimate unless the whole nature of this manner of 
symbolic expression be intimately understood. 

Table of Interpretations and Scales of Diagrammatic or Graphic 
Representations of Derivative and Derived Functions. 


Name. 

Interpretation. 

Symbol. 

Variable, .... 

X 


Function of a , . . 

X 

X 

/-Gradient of X, 

Ratio of small in- 
crease of X to 
accompanying in- 
crease of/. 

X' 

X*Gradientof/, . 

Ratio of small in- 

dx 


crease of x to 
accompanying in- 
crease of A. 

dX 

/-Subtangent, . . 

X/X' 

T t 

/-Subnormal, 

xx' ; 

N r 

X-Subtangent, . 

/ dx v , 

/ifx x 

Tx 

X-Subnormal. . . 

a 

5?* 

N x 

Area, 

/X 

A 



8 
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41. Increments. — In going forward from a point on the curve 
a little way, a rise occurs if the gradient he upwards. The short 
distance measured along the sloping curve may he resolved into two 
parts, one parallel to axis of ;r, the other parallel to axis of X. 
These two parts are the projections of the sloping length upon the 
two axes. They constitute the differences of the pairs of x and 
X co-ordinates at the beginning and the end of the short sloping 
length. These differences are designated by the Greek 8 ; thus, 
see fig. 4, 



Fro 4. 


Sx projection on taxi's, ana 

SX „ „X „ 

Since the gradient X' is the ratio of rise to horizontal distance 
throughout a short length, it is evident that 

8X = X'8.r. 

If / and L he the co-ordinates, and if the gradient he called I/, 
then this would he written 

8L = L'S/ . 

If y and Y were the co-ordinates, the gradient being called Y', 
then 

8Y = Y'8//. 

42. Increment in Infinite Gradient, — These are the direct self- 
evident results of the definition of gradient, or differential co- 
efficient. They do not, of course, apply to points where there is 
no gradient, that is, to sharp corners in a diagram, where the direc- 
tion of the diagram line changes abruptly. 

If the diagram line run exactly vertical at any part, then for that 
part X' becomes infinite, and the equation appears in the form 

8X-oo x 0 


an indeterminate form. 
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This last case corresponds to the piece* of vertical cliff under 
point J in the section fig. 1. 

43. Integration. — The general case corresponds to the gradual 
stepping along the other parts of this section. The length of each 
step is projected horizontally (SI or Sx) and vertically (8k or 8X). 
The latter is the rise in level, and it equals the gradient multiplied 
by the horizontal projection of the length of step. 

In stepping continuously from one particular point on the section 
to another, for instance, from A to C on fig. 1, the total horizontal 
distance between the two is the sum of the horizontal projections 
(the Si’s or Sx’s) of all the separate steps ; and the total difference 
of level is the sum of the vertical projections (the 8k’ s, or 8L’s, or 
SX’s) of all the separate steps. In climbing the hill, the climber 
rises the whole difference of level from A to C, step by step : the 
total ascent is the sum of all the small ascents made in all the long 
series of steps. If the distance be considerable, tlio number of 
steps cannot be counted, except by some counting instrument, such 
as a pedometer ; but the total ascent remains the same, whether it 
be accomplished in an enormous number of extremely short steps 
or in an only moderately large number of long strides. 

The mathematical process of calculating these sums is called 

Integration. 

This mathematical process is indicated by the symbol the Greek 
capital 5>, when the individual steps are of definitely measurable 
small size. But when the method of summation employed is such 
that it assumes the steps to be minutely and immeasurably small, 
the number of them being proportionately immeasurably large, and 
when, therefore, of necessity the method takes no account of, and 
is wholly independent of, the particular minute size given to the 

stops, then the symbol employed is j, which may be looked 

upon as a specialised form of the English capital S, the first letter 
of the word “ sum.” The result of the summation is called the 

Integral. 

44. Increment Symbols. — The separate small portions, whose 
sum equals the Integral, are called the Increments or the Differ- 
entials. 

When the increments are of definitely measurable small size, 
they are indicated by the symbols Sx, SX, Sh, SL, SY, etc., etc. 

When they are immeasurably minute, and their number corre- 
spondingly immeasurably large, they are indicated by the symbols 
dx, (IX, dk, dh dY, etc., etc. 

45. Integration Symbols Limits of Integration. — The inte 
gration is carried out between particular limits, such as B and C in 
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fig. 1. These limits are sometimes written in connection with the 
symbols of integration, thus : 

c c re rc 

2 M , 2 8J or dh , I dl . 

B B J B j B 

If Z C A C he the co-ordinates of the point C, fig. 1 and he those 
of the point B, then these integrals mean the same thing as 

(h ~ K) or ffc ~ ^b) • 

The limits are above indicated in the symbol by the names only 
of the points referred to. The points themselves are, however, 
frequently indicated only by the values of their co-ordinates, and 
then it is customary to indicate the limits of integration oy writing 
at top and bottom of the sign of integration the limit- values of the 
variable whose increment appears in the intregral. Thus, since 

8 h 

dl 


we have the integral of 8h between B and C expressible in the two 
following forms : 

h 0 - h K = = 2j c SI - P’° (1 h - P" rfU . 

K hdl J h, Jl, ,U 

If particular points he indicated by numbers, the symbolism be- 
comes somewhat neater. Thus the integral of 8X between the 
points 1 and 2 of the .r, X curve at which points the ordinates may 
he called x l x. 2i and the co-ordinates X x X 2 , is 



Or, again, if it were convenient to call the two limiting values of 
x by the letter-names a and b , then the same would appear as 




lx , 


Or, if the limiting values of x were, say, 15 and 85 feet, it would 
be written 
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It must bo noted that the limits which are written in always 
refer to values of the variable whose increment or differential 
appears in the integration. Thus the a and b or the 85 and 15 
above mean invariably values of x, not values of X nor of X'. 

46. Linear Graphic Diagrams, of Integration. In figs. 5 and 
6 are given two methods of graphically representing this process of 
integration. The first corre- 
sponds with the illustrations 
we have already employed. 

Here the curve xX is supposed 
to be built up step by step by 
drawing in each small stretch 
of horizontal length 8x at a 
gradient equal to the known 
mean gradient X' for that 
length. The gradient X' is 
supposed known for each value 
of x, and its mean value 
throughout each very small 
length 8x is therefore known. 

With regard to this statement it should be noted that a curve 
does not really possess a gradient at a point, but only through- 
out a short length. When we speak of the slope of a curve at 
a point, what we really mean is the slope of a minute portion 




of its length lying partly in front and partly beyond the point : 
that is, there is actually no difference of meaning between the 
phrases “the slope of the curve at the point ” and “the mean 
gradient throughout a short length at this point.” Since each 
increment of X, or SX, equals X' times the corresponding in- 
crement of x or 8x, we have in fig. 5 all these increments of X 
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each equal to X f Sx projected by horizontal lines on the final 
vertical X 2 , where it is perhaps a little more plainly seen that 
they all sum up to X> — X x than without this projection, as in 
our previous example of climbing a hill step by step as in 
fig. 1. 

47. The Increment deduced from the Average Gradient. — 
If this graphic method be actually employed for practical integra- 
tion, then care must be taken to let the short stretch drawn at 
each slope X' lie partly before and partly beyond the vertical 
drawn at the corresponding distance x. This is necessary, because 
in actual graphic construction on paper we cannot make the incre- 
ments Sx immeasurably small. It is best to let each short curve 
length lie } z Sx behind and beyond x. 

48. Area Graphic Diagram of Integration. — In fig. 5 the 
“ ^-gradient,” or “differential coefficient with respect to x” or X', 
is represented by the tangent of an angle on the paper. 

In fig. 6 the x’s are again represented by horizontal lines, and the 
differential coefficients are also represented by vertical lines, while the 
integral is represented by an area. The known values of X' for succes- 
sive values of x are plotted upwards co-ordinate with the -r’s, and a 
curve is thus obtained. The area of the vertical strip, bounded at 
the top by the curve, at its sides by two vortical straight lines Sx apart, 
and at its foot by the axis of x, equals the product X'Sx, where X' 
is the mean value throughout the length Sx. The successive strips 
thus formed are contiguous to each other, so that the sum of them, 

that is, the integral j^XWx, is the total area underneath the curve 

and above the axis of x included between the two verticals at x l 
and the limiting values of x. 

Here, again, an error would he made if, instead of taking the 
mean value of X' for each length there were taken either its 
value at the beginning of &£ or that at the end of fix. If for each 
fix the value of X' at its beginning wore used, the total area, or 
integral, obtained would be too small by the .sum of the small 
triangular areas rafined as in the lower parts of the rectangles in 
fig. 6 If, on the other hand, the value at the end of each Sx 
were used, the calculated integral would be greater than the true 
integral by the sum of the small triangular areas rafined as in the 
upper parts of the rectangles in fig. 6. This is clearly true whether 
the Sx’s be uniform in size or of differing sizes. 

49. Diminishing Error . — Not only does the size of each such 
error for each individual Sx diminish indefinitely as Sx is made 
smaller, but their sum also diminishes indefinitely in spite of their 
number being indefinitely increased. Although this is not really a 
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proposition of any special theoretical importance, since it is always 
the average, and not either the initial or final values of X' that are 
to he used, still it is interesting and customary to prove it to he true. 
The neatest proof is that given hy Newton, and is explained hy fig. 6 
For the purposes of the proof all the 8s’s are assumed to he of one 
uniform size, and, therefore, each of them equal to the last before 
j\ 2 is reached. This being so, all the above-mentioned triangular 
area-errors are transferred horizontally so as to lie between the 
vertical x 2 and (x 2 - 8s). The sum of each set of errors is now 
easily seen to be equal to about J(X' 2 - X'-^&r, the sum of both sets 
taken together being exactly equal to this last strip. Now the 
height (X'o - X\) of this strip has a definite finite known value ; 
and, therefore, the area (X' 2 - X\)8.c diminishes always in size as 
8s is made smaller. 

It must be clearly understood that no such (‘n or, large or small, 
occurs if the X”s employed are the true average heights of the 
narrow strips. The average height of the strip is found at the 
middle of its breadth when the upper boundary is straight, and 
deviates from the middle by only a minute distance, if the upper 
boundary be very nearly straight, as it does become when its 
length is made very short. 

50. Integration through Infinite Gradient. — A simple con- 
sideration of the vertical cliff below J, in fig. 1, whero the gradient 
is infinite, will show that, while the process of integration written 

/ — - . dl is possible up to the base-point of the cliff, and also possible 
dl 

from the top edge of the same onwards, it is impossible throughout 
the height of the cliff, simply because it has no meaning. Here 
neither the gradient nor the increment 81 (or 8s) has any existence. 
Mathematicians so constantly speak of the infinitely great and the 
infinitely small, or infinity and zero, that probably many novices 
in mathematical reasoning fall into the habit of imagining that 
there are really such things. But neither has any sort of existence 
except as symbols, and in this case the symbols correspond to no 
physical fact, and to no mental conception. Throughout the ver- 
tical cliff there is no horizontal distance, i.e., there is no 8/: and 
there is no gradient, because a gradient is the ratio between the 
vertical and horizontal projections of a sloping length, and since 
there is here no horizontal projection, there can be no ratio between 
the two. 

The phrases “ infinity ” and “ zero ” are merely word-symbols 
to indicate the directions in which very large things and very 
small things vanish beyond the range of our perceptions, as they 
grow larger and smaller. 
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There is, however, nothing meaningless or impossible in J dX at 

the same place. In fig. 1 up the vertical f aco under J , the 8X’s, or 
S/fc’s, have the same concrete, finite meaning as they have else- 
where. Thus it is clearly improper to write j dX = Jx'dx for this 

part of the integration ; the formula, which is true tn general , fails 
under these special conditions. 

51. Change of Form of Integral. — If L be a function of the 
variable /, and if its /-gradient be called I/, then SL = L 'SI ; and if 

A. be any other function of /, then j Xdl = j ^ dh. When X and 1/ 

are both capable of simple expression in terms of L, the latter form 
of the integral may be more easily dealt with than the former. 
Such a transformation of an integral is called a change of the 
independent variable or “ substitution.” * 

52. Definite and Indefinite Integrals. — Sometimes the limits 
of the integration are not expressed in the written symbol, 

which then stands simply j X'dx. When thus written, it is under- 
stood that in the integration the variable x increases continuously 
up to an undefined limiting value, which is to be written x in the 

expanded form of the integral. In fact by I X'dx is meant j^X'dx, 

the upper limit being any final value of the gradually m creasing .r. 
The lower limit may be written without defining the upper limit. 

Thus j a X'dx means (X - X a ). If various upper limiting values of 

x be successively taken, the part of the integral function involving 
a remains unchanged. 

Such an integral may be written 

fx’dx^X + C, 

.hat is, as the sum of two terms, one of which, C, remains unchanged 
vhen the upper limit is varied, while the other, X, remains the same 
Ithough the lower limit be changed. This is called the indefinite 
ntegral, and C is called the constant of integration. 

When both upper and lower limits are particularised, as in 

fb 

a X'dx , the quantity is called a definite integral. 

53. Integration Constant. — To show the exact meaning of the 

* See Classified List, 1 1. G. 
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integration constant C, compare the above two forms of writing 
the indefinite integral. The values of X being the same in both 
cases, it is clear that C equals (-X a ). The integration constant, 
therefore, depends on the implied lower limit of x ( — a). If C be 
given, the implied lower limit a is thereby fixed ; and conversely, 
if a be given, its value determines that also of C. 

The indefiniteness of the indefinite integral may, therefore, be 
considered as due to free choice being left as to either or both 
limits. The part X depends on the choice of the upper limit, and 
remains indefinite so long as that is not fixed. The part C depends 
on the lower limit, and is indefinite until this limit is fixed. 

54. Meaning of Integration Constant. — Figs. 7 and 8 may help 
to elucidate further this question of limits and of integration con- 
stant. In fig. 7 the same curve is drawn thrice in different posi- 
tions in the diagram. P'Q'R' is PQR simply raised at every point 


/ » 



Fig. 7. 

through the height m. P"Q"R" is the same as PQR shifted horizon- 
tally the distance w. Since X' is the gradient of the curve, the 

same values of the integral J X'dx will be obtained from all three 

curves if it be taken between limits on each which give the same 
series of values of X'. Thus the integrals will be the same when 
obtained from PQR and from P'Q'R' if the same limits of x be 
used in each case. They will be the same from PQR and from 
P"Q"R" if the same limits of X be used, which will mean limiting 
values of x in P"Q"R" greater by n than those in PQR. 

These upward and right-hand horizontal shif tings of the curve 
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are equivalent to equal downward and left-hand horizontal shift- 
ings of the axes from which the co-ordinates X and x are measured. 
Thus the two shiftmgs are combined in fig. 8. Here, in order to 



obtain the same series of values of X', and thus the same value ol 
the integral j X'<fx when the co-ordinates arc measured from one set 

of axes as when they arc measured from the other, both upper and 
lower limiting values of x must be greater by ?/ when measured 
from one set of axes than when measured from the other set; and 
this will mean also that the two limiting values of X are both 
greater by m for the one set of axes than for the other. 

It is thus clear that the limits of a definite integral refer to 
dofined points on the curve at which occur particular stated 
gradients (X'), that is, values of the function to be integrated ; 
and noi to points with particular stated values of either the variable 
( jc ) or of the integral (X). Since the function to be integrated (X') 
is statod in terms of the variable (.r), therefore the desired limits of 
X' are conveniently named by reference to the corresponding 
values of x; but these latter really depend upon the arbitrarily 
chosen axes of reference- 
s' Meaning of Integration Constant. — In the indefinite 

integral jx'dx = X + C, if the part X is understood to mean the 

whole integral function at the undefined upper limit and measured 
from an arbitrarily chosen datum level, then X will include some 
constant such as m in figs. 7 and 8. But if X be understood to 
mean the sum of those terms of the integral function which involve 
x , excluding all terms in which x does not appear; then X will 
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have a value independent of the arbitrary datum level from which 
X is measured (so that m will not appear) : but, on the other hand, 
terms involving n will appear, i.e ., the value of X will depend on 
the position of the axis from which the x’b are measured. 

56. Extension of Meaning of Integration. — In the expression 
X + C, taking X to represent the whole integral quantity, it is 
often easy to select the axes of reference so as to give a specially 
convenient value to C. 

For example, if the integral X bo the deflection of a symmetri- 
cally designed girder, symmetrically loaded and supported at its 
two ends, the symmetry of the problem makes it a priori evident 
that equal deflections occur at equal distances on either side of the 
centre of the girder length ; and, if this centre be chosen as the 
origin from which to measure the .r’s, equal deflections will be 
found for equal 4* and - values of .r, and this condition, if 
applied, will be sufficient to determine one integration constant. 

57. Integration the Inverse of Differentiation. — It is important 
to recognise that the operation of integrating a known function X' 
can lead to only one definite result, or rather to a series of results 
which differ from each other only in the value of the constant C. 

If through any point of P'Q'R' in fig. 7 there were drawn any 
curve deviating at any part from P'Q'R', it is evident that, at some 
parts at least of this other curve, it would have a gradient different 
from that of the part of PQR lying immediately below or above it. 
Thus all curves having the same X' for each .r are related to each 
other as are PQR and P'Q'R'. Now these two curves taken 
between the same limits give the same difference of height ; and, 
if the integral be taken in the * ‘ indefinite ” form, as meaning the 
total height at any x from the horizontal axis, the heights of the 
two curves differ everywhere by the same amount m, that is, the 
two indefinite integrals differ only in the value of the constant C. 

58. Usual Method of finding New Integrals. —Since, then, a 
definite function of x when integrated with respect to x gives one 
and one only function of x (definite in all but the particular value 
of the additive constant), therefore, if we happen to know of a 
curve which gives at each point an ^-gradient equal to the function 
of x which we wish to integrate, wo conclude with certainty that 
the height of that curve is the intogral sought for. The level of 
the axis from which the height is to be measured is fixed by the 
special, or “ limiting,” conditions of the problem. 

This is the usual method of finding integrals : namely, we make 
use of our previous knowledge of differentials. The finding of 
differential coefficients, or gradients, is an easier process in general 
than the reverse or inverse process of finding integrals This differ- 
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ence is analogous to tliat we observe in ordinary geometry, in which 
it is simpler to find the tangent of a known curve than it is to find 
the curve by building it up from a knowledge of the direction of 
its tangent at each point. 

In some simple cases, examples of which will be given in the 
next chapter, it is as easy to find the integral directly as it is to 
find the differential. Very often the study of the character of a 
curve or law leads to the simultaneous recognition of the differential 
and the inverse integral.* 


CHAPTER III. 


EASY AND FAMILIAR EXAMPLES OF INTEGRATION AND 
DIFFERENTIATION 

59. Circular Sector. — An easy example of integration is the 
finding the area of a circle, or of any sectorial part of a circle. 

In fig. 9 there is drawn an isosceles triangle of very small verti- 
cal angle placed at 0, the centre of a circle, and whose correspond- 
ingly small base is a very short tangent to the arc of the circle. 

The height of this triangle is r , the 
radius of the circle. Its base is, 
\ in a minute degree, longer than the 

/ \ arc, but equals the arc in length 

with an approximation which is 
closer as the vertical angle at 0 be- 
comes smaller. ^Taking the peri- 
pheral arc length, as an approxi- 
mation to the base, the area is 
\r.tp. The whole angle AOB may 
be split up into a very large number 
of minute angles, in each of which 
may be formed a small triangle 
The sum of the areas of these triangles is 
greater than that of one of them in the same ratio that the sum of 
their bases is greater than the base of one of them, because the 
factor \r has the same value in all. The series of bases form a 
connected chain of very short tangents lying outside the arc AB. 
As the individual links of this chain become shorter, and the total 
number of them correspondingly greater, the sum of their lengths 
liecomes equal to the arc length AB with closer and closer approxi- 
mation, and, at the same time, the sum of the triangular areas 

* See Appendix A. 
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similar to the above. 
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equals that of the circular sector ABO with closer and closer 
approximation. Thus, taking the arcs minutely short, and call- 
ing the arc length AB by the letter p , we find 

Circular sectorial area = fyr.p . 


For the complete circular area the length of arc p becomes the 
complete circumference of the circle or Thus the complete 

circular area is 7 rr 2 . 

Here the important point to note is, that the approximation of 
the sum of the triangular areas to equality with the circular area 
proceeds pari passu with that of the sum of the tangent lengths to 
the circular arc length. 

60. Constant Gradient.- -In this integration the factor \r is a 
constant. The variable is p , the arc length measured from some 
given point on the circular circumference. The increment of p is 
8p : that is, 8p may be looked upon as the increase of the arc 
length p, as the sectorial area is swept out by a radius revolving 
round the centre 0. The integral is the gradually increasing area 
so swept out. The incremen t, or differential of this area, is \r.8p. 
Thus \r is the differential coefficient of the area with respect to 
p ; or \r is the /^-gradient of the area. Calling the constant \r by 
the letter we may write this 


d_ 

dp 


(kp) = k ; or otherwise J Mp == Itp . * 


61. Area of Expanding Circle. — A second simple example of 
integration is that of the area swept through by the circumference of 
a gradually expanding circle. Let the radius from which the expan- 
sion begins be called : the area inside this initial circumference 
is tt^ 2 . At any stage of the expansion when the radius has become 
any size r, the area swept through has been (7rr 2 - This is the 

indefinite integral ; the constant of integration being here - 7 rr x 2 . 

As r increases by 8r from ( r - J8r) to (r - 1 - |Sr), the area swept 
out by the circumference is a narrow annular strip whose mean 
peripheral length is 2irr y and whose radial width is 8r, as shown on 
fig. 10. The area of this annular strip, therefore, equals 27 rr.8r, 
and this is the increment, or differential, of the integral area swept 
out. The “differential coefficient with respect to r,” or the 
“r-gradient,” of the area is, therefore, 27rr. That is, the r-gradient 
of ( 7 rr 2 + C), where C is any constant, is 2wr. Otherwise written, 


(7iT 2 +■ C) = 27 rr . 
dr 


See Classified List, I. 4, and III. A. 1. 
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Here ir is a constant multiplier, and, if any other constant multiplier 
k were used, the result would he 


-^(fo- 2 + C) = 2/<r. 
dr 



Written in the inverse manner, the same result appears as 
1 2krdr — kr 2 -f C .* 

62. Rectangular Area. — A third simple example is shown in 
fig. 11. Here a vertical line of length k is moved horizontally to 
the right from an initial position Its lower end moves along 
the axis of x . Its upper end moves along a horizontal straight 
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line at the height k above this axis. The vertical sweeps out a 
rectangular area equal to k multiplied by the length of horizontal 
movement. At any stage x of the movement the area swept out 

* See Classified List, III. A. 2. 
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is k(x~Xy). Here the variable is x. Call its increment 8x. 
While the vertical moves horizontally 8x, the area swept out is a 
narrow rectangular strip equal to Z&r. This is the increment of 
the integral area. Thus the ^-gradient of the area is k Calling 
the constant - h.i\ by the letter C, this result may be written in 
the two forms 

— (&r + C)-* 

ax 

and 

I Hx = fa>+ C * 

This result is identical m form with that of ^ 00, fig. 9, except 
that in the latter the integration constant is zero and does not 
appear, and the variable is named />, while x is the name adopted 
in fig. 11. The choosing of one or other name to indicate the 
variable is, of course, of no 
consequence ; but taken as two 
illustrations of purely geome- 
tric integration, the two re- 
sults are of different hinds, 
although taken as formulas 
simply they are identical. 

63. Triangular Area. — In 
fig. 12 we have an area swept 
out by a vertical line as it 
moves from left to right, and 
increases in height at a uni- 
form rate during the motion, 
its lower end lies always in 
the axis of x. Its upper 
end lies in a straight line whoso inclination to the r-axis is 
called m. 

During the movement 8x, from (x - h$x) to (x+ * 8?*), the mean 
height of the small strip of area swept out is (h -f mx), and its area, 
therefore, is 

(h + mx)8x . 

The whole area swept out during the motion from the lower 
limit to any upper limit x may be divided into two parts , one 
rectangular with the base (x - 'j\) and the height (k + mx x ) ; the 
other triangular with the same base and the height m(x~-x x ). 



See Classified List, III. A. 1. 
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This whole area is, therefore, 

(x - x Y ){{k + mx t ) + \m(x - a*i) } = k(x - + \m(x 2 - x x 2 ) . 

This may he written in the form 

+ im.r 


which form means that the function of x standing inside the square 
bracket is to he calculated for the two values of ./*, x and x l (the 
former “indefinite” or not particularised, the latter special), and 
the latter value of the function subtracted from the former.* 

Again, it may be written in the other form 

fov + \mx l + C 
where C is a “constant of integration.” 


This result may be expressed by either of the two following 
equations : — 

^ | kx + bmx 2 + C | = Z* + mx 


dx 


and 


J(k + mx)dx — hx + + C . 


64. First and Second Powers of Variable. — The last integral 
may be split into two parts. The first is 


/* 


I falx = Jcx + C } 

which is identical with what is obtained in fig. 11. The second is 
( mxdx = fynx 2 + C 2 


/■ 


which is the sweeping out of the triangular area. ' 

65, Integral Momentum. — The following are other easy ex- 
amples of the first of these two formulas. 

The extra momentum acquired by a mass m in the interval 
between time t x and time t 2 , during which its velocity is acceler- 
ated at the constant rate g, if its velocity be v Y at time t v is 


f h 

m(v 2 — v v ) = mgdt = mg(t 2 - t x ) . 

J 


* See Classified List, “ Notation. ” 
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Here mg is the acceleration of momentum, or the time-gradient of 
the momentum. 

66. Integral Kinetic Energy. — The simultaneous increase of 
Kinetic Energy is 

- v) = | m, - hf + w* - <i>j 

= Extra Acquired momentum x Average 
Velocity during interval. 


67. Motion integrated for Velocity and Time. — Again the 

distance travelled by a train between the times and 1 when 
running at a constant velocity v , is 


I vdt = v(t 2 - fj). 

J * i 

i 

Here the velocity v is the time-gradient of the distance travelled. 

68. Motion from Acceleration and Time. — Easy examples of 
the second formula are the following : — 

If the velocity of a mass be accelerated at the uniform rate g ; 
then, since the velocity at any time t is {g(t - tf x ) + v l } ) and since 
in a small interval of time 8t, the distance travelled is v.8t, where 
v is the average velocity during St, we find the distance travelled 
in interval (t 2 - tfj) to be 



{gt - gt x + v x }dt = 1 -(</ - t x 2 ) - gt x (t 2 - t x ) + v L (t 2 - t x ) 


If this be multiplied by mg, we get again the increase of kinetic 
energy as shown above in § 66 ; so that the increase of kinetic 
energy equals the uniform acceleration of momentum (mg) multi- 
plied by the distance travelled.* 

69. Bending Moments. — As another example, take a horizontal 
beam loaded uniformly with a load w per foot length. If we name 
by the letter l lengths along the beam from any section where we 
wish to find the bending moment due to this load ; then on any 
short length 81 there is a load w.Sl, and the moment of this load 
upon the given section is wl.8l , where l means the length to the 


# See Appendix B. 


G 
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middle of 8 1 . The integral, or total, moment exerted upon this 
section by the part of the load lying between l x and l 2 is 



= w (k-h)*Wz + h) 

— whole load on ( ’Z 2 -/ A ) multiplied by the distance of the 
middle of the same length from the given section. 

It must be noted that this is the moment exerted by the load alone 
independently of that exerted by the forces supporting the beam. 

70. Volume of Sphere. — Passing now to volumetric integrals, 
we may consider a very small sectorial part of the volume of a 
sphere as an equal-sided cone of very small vertical angle placed 
at the centre of the sphere, and with a very small spherical base 
nearly coinciding with the flat surface of small area touching the 
sphere. The volume of the small cone with the flat base is known 
to be J the product of its base area by its height. The height here 
is r, the radius of the sphere. This is true whatever be the shape 
of the cross section of the cone. Now the whole volume of the 
sphere is made up of a very large number of such small-angled 
cones with spherical bases, these cones fitting close together so as 
to fill up the whole space. They woidd not fit close together if their 
cross sections were, say, circular; but the argumeut does not 
depend on the shape of the cross section, and this is to be taken 
such as will make the cones fit close together. In all these small 
conic volumes, the common factor \r appears as a constant : each 
is Jr.SA, if 8A represent the area of the small base. Thus the 
sum of the volumes is greater than any one of them in the same 
ratio as the sum of the areas of the bases is greater than the base- 

area of that one. Thus if A be the sum of the bases, or J dA — A, 

we have the sum of the volumes equal to J?A. , For any sectorial 
portion of the volume of the sphere, the sum of the areas of the 
flat tangent bases approximates to the area of the corresponding 
portion of the spherical surface pari passu with the approxima- 
tion of the sum of the flat-based conical volumes to the sum of the 
round-based conical volumes, which latter is the true spherical 
volume. Thus, if A be the area of the spherical surface, the 
volume subtended by it at the centre is Jr A. If Abe taken as the 
complete spherical surface, then Jr A is the total spherical volume. 
This integration is in form identical with that of fig. 9. It 
differs from that in kind, inasmuch as the differential 8 A is an 
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area, while in fig. 9 the differential Sp is a line. The mathematical 
process is the same in both cases; but the legitimacy of the appli- 
cation of this process depends in the one case upon the physical 
relations between certain curved and straight lines, while in the 
other case it depends on the physical relations between certain 
curved and flat surfaces. 

When it is known that the ratio of the surface-area of a sphere 
to the square of its radius is 47r, the above integration proves the 
complete spherical volume to be |7rr 8 (see § 76 below). 

71. Volume of Expanding Sphere. — Consider now the spherical 
volume as wept through by the surface of a gradually expanding 
sphere. If the radius be r x at one stage of the expansion, and r 
at another, the volume swept through between these two stages is 
^(r 8 - r x 8 ). During any small increase of size Sr from the radius 
(r - £8r) to (r + £Sr), the volume swept out is the normal distance 
Sr between the smaller and larger spherical surfaces multiplied by 
the mean area of the spherical surface during the motion, viz., 
4 irr 1 . That is, the increment of volume is 

47t; ,2 S7*. 

The definite integral of this is, as above stated. 



and the indefinite integral for an indefinite size r is 

4*f* + C. 

Thus 4 irr 2 is the r- gradient of ($7 rr s + C) . 

If x were used to represent the radius, and X the volume, and 
X' the ^-gradient of X and the constant factor 4tt be written It : 
we would here have 

X' = 4t rx* = Jcx 2 
X= C * 

Expressed in words, the radius-gradient of the spherical volume is 
the spherical surface. 

72. Volume of Expanding Pyramid. — Consider a rectangular- 
based pyramid of height x, and the two sides of whose base are vnx 
and nx . The area of the base is mnx\ and, therefore, the pyram- 
idal volume is \ranoF. Now, suppose the size of this pyramid to 
be gradually increased, keeping its shape unaltered, by extending 

* See Classified List, III. A. 2. 
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its sides in the same planes, and moving the base away from the 
vertex while keeping the base always parallel to its original posi- 
tion. As the height x increases, the sides of the rectangular base 
both increase in the same ratio so as to remain always mx and nx ; 
and, therefore, the increasing volume is always equal to \mnx\ 
As the base moves a distance 8x away from the vertex from the 
height ( x - to (x + the increase of volume thus added to 

the pyramid is the mean area of the base during this motion, viz., 
mnx\ multiplied by the normal distance Sx between the old and 
the new bases. The increment of volume is thus mnxKhx, The 
definite integral volume taken between the limit x L and x 2 is 


[S 


mnx 



If the constant factor mn be written /r, this result would be thus 
expressed, taking the indefinite form of the integral : — 

jkxWx - Ilex' + C , 

which is formally or symbolically identical with the last result 
obtained. The difference between the two in kind is perhaps best 
recognised by comparing the word-expression of the last result with 
the following similar statement of our present one : — 

The height-gradient of the volume of a pyramid of given shape 
is the area of the base of the pyramid. 

In this last statement of the result no reference is made to the 
special shape of the cross section of the pyramid, and it is readily 
perceived that the reasoning employed above did not depend in 
any degree upon the rectangularity of the base. 

73. Stress Bending Moment on Beam. — Take as another ex- 
ample of this formula leading from the second power in the gradient 
to the third power m the integral, the calculation of the stress- 
bending moment of a rectangular beam section exposed to pure 
bending of such degree as produces only stresses within the elastic 
limit. Under this condition the normal stress on the section in- 
creases uniformly with the distance from the neutral axis, which 
in this case is at the middle of the depth. Thus, if the whole 
depth of the section be called H, and the intensity of stress at the 
H 

top edge (at distance -- from neutral axis) be called k ; then the 
intensity of stress at any distance h from the axis is k A. ^ h. 
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If the width of the section be B, the area of a small cross strip of 
it, of depth 8//, is B8//. If It mean the height to the middle of 8//, 

9 yr. jd 

then the whole normal stress on this strip is ^ and the 

2/iB 

moment of this round the neutral axis is - !i l . 8h, because h is 

rl 

the leverage. The sum of these moments over the half of the 
section lying above the axis is the mtogial of this between the 
limits h- 0 and h — ^H, or 



_ 2&B IP 
3H * 8" 


An equal sum of moments of like sign is exerted by the stresses 
on the lower half of the section, and thus the 

Total Stress Bending Moment = J/rBII 2 .* 

74. Angle Gradients of Sine and Cosine and Integration of 
Sine and Cosine.— In fig. 13 the angle a is supposed measured 
in radians, that is, in circular measure, tho unit of which is 
the angle whose arc equals the radius. 

Radians, sines, cosines, tangents, etc , are 
pure numbers, or ratios between certain 
lengths and the radius of a circle ; but 
if the radius be taken as unity, as in 
fig. 13, then these ratios are properly re- 
presented by lengths of lines, this graphic 
representation being to an artificial scale 
just as, to other artificial scales, velo- 
cities, moments, weights, etc., can be 
graphically represented by line-lengths. 

In fig. 13 the angle a is measured to 
such a scale by the length of the arc Na, 
while to the same scale sin a is measured 
by as and cos a by ac. Take a very 
small angle 8a, and mark off from N the two angles (a - £8a) and 
(a + £8a). The horizontal and vertical projections of 8a (parallel 
to as and ac) are evidently the increments of the sine and cosine 

* See Appendix C. 
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for the angle increment 8a. The horizontal projection is a posi- 
tive increment of the sine ; the cosine decreases as a increases, so 
that the vertical projection is the decrement or negative increment 
of the cosine If 8a be taken small enough to justify the short arc 
being taken as a straight line, 8a and its two projections form a small 
right-angled triangle of the same shape as Oas. We have, therefore, 
Increment of sina = 8(sma) = Horizontal projection of 8a 


and 


= °--.ha = cosa 8a 

aO 


Decrement of cosa = - 8(cosa) = Vertical protection of 8a 


* as * * 

= — -,8a == sum da . 

aO 

Integrating these increments between any limits a x and a 2 , the 
results are 

r* 

a 2 

cosa da- sina 2 - sinaj 


and 


h r T- 

I sina da~ I - COSa | 

J a 1 L J “l 


COSa l — COSa 2 . 


The student should carefully follow out this integration on the 
diagram through all four quadrants of the complete circle, paying 
attention to the changes of sign. 

Written as indefinite integrals these results aie 


/ 


cosa da = sina + C 
and J sina da — C - cosa . * 

Expressed in words, this is, the angle-gradient of the sine of an 
angle is its cosine, and that of its cosine is its sine taken negatively. 

75. Integration through 90°. — Since sin 0° = 0 and cos0° = l, 
while sin 90° = 1 and cos 90° = 0, we find, integrating between the 
limits 0° and 90°, 

*90° 

COSa da = 1 
0° 

f90° 

and also I sina da - 1 . 

J 0° 

See Classified List, VI. 1 and 2. 


si 
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76. Spherical Surface. — Let this result bo applied to the calcu- 
lation of the area of the earth’s surface, assuming it to bo spherical. 
The whole surface may be divided up into narrow rings of uniform 
width lying between parallels of latitude. Thus, if the difference 
of latitude be taken to be |°, the uniform width of each ring will 
be about 1 7£ miles. The meridian arc throughout this length may 
be considered straight without appreciable error. The ring at the 
equator forms practically a cylindrical ring of radius equal to that 
of the earth, R. A ring taken at latitude X has a mean radius 
R cos X ; 3 >nd the circumferential length of its centre line is therefore 
2 ttR cos X. Naming the difference of latitude for one ring 8X, tlio 
width of the ring is R.SX, and its area therefore 27rR cos X.R.8X = 
27rR 2 cos X.8X. The factor 27rR 2 being the same for all the rings, 
wo may first sum up all the products cos X.<$X, and afterwards 
multiply this sum by the common factor 2?rR 2 . If we perform this 
integration from the equator to the north pole, that is, between 
the limits X = 0° and X - 90°, we obtain the surface of the hemi- 
sphere. The integral of cos X.8X from 0° to 90° is 1 ; and there- 
fore the hemispherical surface is 27 tR 2 , and the whole spherical 
surface 47rR 2 . We used this result in § 70, p. 35. 

77. Spherical Surface integrated otherwise. — The above total 
is 2 ttR x 2R. Here 27rR is the circumference of a cylinder touch- 
ing the sphere, and 2R is the 
diameter of the sphere; so that 
the whole spherical surface equals 
that of a touching cylindrical sur- 
face whose length equals the dia- 
meter (or length) of the sphere. 

In fig. 14 this circumscribing 
cylinder is represented by its axial 
section nn , ss. For each strip 
of spherical surface of radius r 
bounded by parallels of latitude 
XX, XX, there corresponds a strip 
of cylindric surface ll, 11 of radius 
R, which latter is, in fact, the 
radial projection on the cylindric 
surface of the spherical strip. It 
is easy to prove that the arc XX 
is greater than its projection ll in the same ratio that R is greater 
than r. Hence the areas of the two differential strips are equal ; 
and, therefore, the integral areas from end to end are also equal. 
This proof is more elementary than that given in the previous 
paragraph. 
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78. Angle-Gradients of Tangent and Co-tangent and Integra- 
tion of Squares of Sine and Cosine.— In fig. 15, a small angle- 
increment 8a is marked off equally below and above the angle a, 
and radii are drawn from centre 0 through the extremities of 8a 
out to meet the two tangents to the quadrant of the circle at N 
and E. The tangent of a, or tan a, is measured along the tangent 



from N to the radius at a, and its co-tangent, or cot a, along the 
tangent at E to the same radius. The increments of tan a, and of 
cot a, due to 8a, are marked on the figure. 8 tan a is a positive 
increase of tan a for a positive increase of the angle, while 8 cot a 
is a decrease of cot a. The lines tt and cc are drawn parallel to 
the short arc 8a. tt is therefore inclined to 8 tan a at the angle a , 
and cc to 8 cot a at the angle (90° - a). Therefore 

£tf = cosa.8tana and cc « - sin a.8 cot a . 


Here the - sign is used in order to make cc positive (8 cot a being 
negative), 

Now tt is greater than 8a in the ratio of O t to the radius of the 
circle, or Similarly cc is greater than 8a in the ratio 

That is, 

8a « tt.cos a = cc.cos (90° - a) = cc sin a . 


Therefore, 


8a = cos 2 a.8 tan a =» - sin 2 a.8 cot a . 





Fig. 16. 


drawn a curve of reciprocals ; the horizontal ordinate being x , the 

vertical ordinate is — . 

x 


See Classified List, VI. 11 and 12. 
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The area of the rectangle formed by the axes and the ordinates 
at any point is x x — = 1 ; constant for all points of the curve. 

JR 

These two rectangles at the two points x x and x overlap each other, 
having the common area x L x — as part of each. Subtract this 
common part and there is left 

x fl L\ - (., ;£ ) JL 

l \x 1 x J v u x 


or 


x 


X - 




1_ 

XjX' 

1 


This is the ratio of the decrease of — to the increase of x. When 

x 

the increments are made minutely small, ---- becomes practically 

In the figure a small increment of x , viz., 5./*, is set off equally 

below and above x. The above equality of areas moans tlio 
equality of the two narrow strips of area rafincd over in the figure. 
The equality is, therefore, 




<’t) 


fix 


/ l \ 

Adding i&e.m — ) to each side and writing ' instead of 
* \x / v ( ix 

changing also the sign, because ~ decreases while x increases, we 

x 

have 

d- 
x _ 

dx ~ x 2 

Expressed in words this is : — The ^-gradient of the reciprocal of 
x is minus the reciprocal of the square of x . Writing this result 
inversely, we have 

%-°-Y 


II 


Seo Classified List, III. A. 2. 
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where C is the integration constant to be determined by special 
limiting conditions. 

80. ^-Gradient of Xx and Inverse Integration. Formula of 
Reduction. — In fig. 17 there 
is drawn a curve whose ordi- 
nates are called x and X. / 

X represents any function / 
of x. x is taken to the / 
middle of 8x; and, since the ! 
arc-length .corresponding to \ 

Sx is of minute length and \ 
may therefore be considered 
as straight, the point xX on 
the curve bisects this arc- 
length and also bisects SX. 

Also the horizontal and vor- 
tical lines through the point 
a"X on the curve divide the rectangular area ab into four equal 
parts, each %8x.8X. 

The increase of the rectangular area Xx due to the increase 
of x is, therefore, 

(X + |8X)(.r + |»r) - (X - J8X)(a? - I8x) = X8x + x8X 

by actual multiplication, the first and fourth terms of each product 
cancelling out. 

The first of these two terms of this increment is the strip of 
area between the two dotted verticals of height X ; the second is 
the strip between the two dotted horizontals of length x. These 
two strips overlap each other by the \(ab) small rectangle, and this 
has to be taken twice to obtain their sum. This compensates for 
the two strips not covering the outer small \{ah) rectangle. 

Dividing by 8x, and taking minutely small increments, that of 
(X#) being called d(Xx), and the x gradient of X being called X', 
there results 

d( ^ = X + X'x. 
dx 

According to §§ 38 and 40, pp. 16 and 17, the X-subtangent 
measures X'x ; therefore the present gradient equals the sum of 
the function X and its X-subtangent. This X-subtangent is shown 
in fig. 17, where it is also graphically added to X. 

The result written in the inverse integration-symbolism is 

J(X + X'x)dx = Xx + C. 



K X — — -H 


Fig. 17. 
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As explained below in § 83, the integral J (X + X.'x)dx = 

jxdx + jx'xdx. Therefore the result of this article may be 
written 

fxdx = Xx- jx'xdx +C. 

This is an important “ Reduction Formula.” * 

81. x-Gradient of X/x and Inverse Integration. — In fig. 18 
a curve is drawn whose ordinates are called x and X, any 
function of x . From two points x,X and (x + Sx), (X+SX) 



on this curve are drawn two straight lines to the origin 0 ; 
and on these two lines lie the upper extremities of verticals 
drawn at the horizontal distance 1 from O. Evidently these 

X X 4 - SX ' 

last verticals measure the ratios — and — — . The difference 

x x + Sx 

X 

between them is the increase of the ratio - due to the increase 

x 


Sx of x, and is marked 8^"^ in the figure. It is less than 


the small height aa in the ratio of 1 to x ; and this height aa is 
less than SX by bb. This small height bb bears the same ratio to 
Sx as (X + 8X) bears to (x + Sx ). Thus 


See Classified List, I. 8 and II. K. 
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X + 8X s \ 

iT¥'7 


Therefore, dividing by Sx, 


dx x x 2 


where, since extremely minute increments are taken, 


X 


x 


tuted for X+gX 
x + Sx 


* 


is substi* 


CHAPTER IV. 

IMPORTANT GENERAL LAWS. 

82. Commutative Law. — If AX'Sx is to be integrated, where 
to each X'Sx the same constant multiplier k is to be applied, it is 
evidently allowable to sum up first the series of products X'Sx, 
and then to multiply this sum by k. Symbolically written this is 

J ZX'dx = frjx'dx 

taken between the same limits in either case.f 

Reverting to the graphic representation of integration in fig. 5, 
the proposition means that if there be two curves drawn, of which 
one has at each x its height k times the other, then the first has at 
each x its gradient also k times as steep as that of the other. 

83. Distributive Law. — If there be two curves such as in fig. 6, 
the height of one being called X' and that of the other S', then a 
third curve may be drawn, of which the height is (X' + S'). The 

area under the first curve is jx'dx; that under the second is 

Js 'dx; that under the third isJ(X' + 3')dx. For each Sx at the 

same x, the area of the narrow strip (X' 4* 3')Sx for the third curve 
equals the sum of the two strips X'Sx and S 'Sx for the first two 


See Appendix D. 


f See Classified List, I. 4. 
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curves. Since this is true of each strip, it is true of the whole 
areas; or, 

j X'dx + JeVx= j (X' + &')dx * 

the limits of x being taken the same in all three curves. The two 
curves may represent entirely different functions of x, subject only 
to the oue condition that they must be of the same kind, it bemg 
impossible to add together quantities of different kinds. In both 
integration and differentiation this proposition is more frequently 
used by way of splitting up a whole integral into parts easier to 
deal with taken separately than by the converse process of com- 
bining parts into one whole. It may be extended to the more 
general formula 

J (X' + S' + X 4 etc .)dx = | X'dx + j adx + j £'dx + etc. 

If the separate integrals on the right-hand side of the last equa- 
tion be called X, S, etc. , then the differential view of the same 
proposition is that the 

x-gradient of {X + E + ,# + etc. } 

= X + a + ^ + etc. | =X' + B'+ JT + etc. 

= #-grad.X -f .r-grad.E + a-grad.,# + etc. 

Evidently the proposition of § 82 is only a special case of this 
in which X' = S' = etc., etc. 

84. Function of a Function.-— In fig. 1 9 there is drawn a curve, 
the horizontal and vertical ordinates of which are called 1 and L. 
Thus L is a function of /, the nature of the function being graphi- 
cally described by this curve. A second curve is drawn, the ver- 
tical ordinates to which are the same I/s as fo£ the first curve 
(plotted and measured to the same scale), and whose horizontal 
ordinates are called A. A is a function of L, the curve graphically 
characterising the form of the function. A is a quantity which 
may possibly bo of the same kind as Z, and, if so, it might be 
plotted to the same scale. But the general case is that in which 
A is not of the same kind as Z, and cannot possibly, therefore, 
be plotted to the same scale, although in the diagram it is measured 
in the same direction. 

Since for each given value of L the second curve gives a definite 
* See Classified List, I 5. 
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corresponding value of A, and the first curve gives a definite value 
of l ; it follows that for each value of l there is a definite value of 
A. In general there may be more than one value of A for each / ; 
but all the values of A corresponding to one given value of l are 
definite. Thus A is a definite function of /. 

In the figure the /-gradient of L is represented graphically by a 
height obtained by drawing a tangent at the point /L, and plotting 
horizontally from this point a distance representing to the proper 
scale unity. This gradient is called L' in the figure. 

The L-gradient of A is similarly represented, the unit employed 
being measured vertically, and not being the same as that used in 



Fig. lo. 


finding L', because the scales involved are different. It is marked 
A'. The two gradients shown in the figure are for the same value 
of L ; that is, the tangents are drawn at points at the same level 
in the two curves. 

If 8L and 8/ are the two projections of any very short length of 
the first curve lying partly on each side of the point where the 

tangent is drawn, L' = . If 8L and SA are the projections of 


any very short length of the second curve lying partly on each 

8k 


side of the point where the tangent is drawn, then A' = 


81/ 


If the two short arcs on the two curves be taken so as to give the 
same vertical projection, that is, the same 8L, as is shown in fig. 19 
by the dotted lines ; then in the product L'A' the 8L cancels out. 
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Thus, 

1 / r r 3X 8L S\ 

' ~ sL ' si = si 

= -7 when the increments are 
dl 

taken minutely small. Tn words this is: — The /-gradient of A 
equals the L-gradient of A multiplied by the /-gradient of L. 

If we use the notation r, X, and F(X) instead of Z, L, and A ; 

and if by F'(X) we understand the X-gradient of F(X) or — ; 

uX 

the same is written 

(ZF( X) _ or * 

dx * dX * dx * 

85. Powers of the Variable; Powers of Sin and Cos. — This 
general proposition is one of the most fruitful of all laws in pro- 
ducing useful results when applied to particular functions, as will 
be seen in the next chapter. 

Simple illustrations of its meaning are the following : — 

Let 

L — P and A - L 8 . • . A = Z 6 . 

From §§ 64 and 7 1 we know that 

L' = 2/ and A' = 3L 2 3? 4 
. d\ OP A/r> 

• •Sf"’*’ 6 *- 

Written inversely, 

/«-r * 

Again, let 

L = 7 3 and X = 1 . -.X = I. 

L l 3 

From §§ 71 and 79, 

1/ = 3l 2 and X' = - \ I . 

I, 2 fi 

d- 

. d\ P__ 3 

’ ‘ dl ~ dl ~ " l* ' 

* See Classified List, I. 7 and II. 9. 

1 See Classified List, III. A. 2. 
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Written inversely, 
Again, lot 

Written inversely, 
Again, let 


fdl 

J i* " 


J_ * 

3 P' 


L — / 3 and A = L 3 . \ A*/® 
1/ - 3/ 2 A' = 3L 2 = 3/° 

dl~ dl 


:9/ 8 . 


/' 




L = T 2 and A = L <{ X = f. 

d\ 


From the last example ^y = 9/ 8 , and also L' = 2/. 
9Z 8 = A'.2Z 

or A' — — 4; ),f «= 4JL 3 *. 

r/L 

Similarly, of course, if X -= then 
X'«4 

W r itten i n versely j x'hlx — — . * 

J H 

Again, let 

L — cos l and A = L 2 = cos ~l . 

L' = - sin l and A' = 2L = 2 cos ? 
. d cos 2 Z 


'’hen 


of/ 


* « - 2 cos / sin / = - sin 22 , 


Take two more examples : namely, 

L == sin l and L = cos /, while A = 

1 


L’ 


Then A' = - ^ in both cases, and 
L 

U = cos 2 in 1 st case 
— - sin l in 2 nd case. 


See Classified List, III. A. 2. 


Therefore 


n 
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Therefore, since 1/sin / = cosec 7, and l/eos/ = soc/, 


d cosec l 
dl ' 


cor/ 

sin 2 / 


i <7 sec / sin / 

and di = c ssr 

86. Reciprocal of a Function — The second and the last of 
tlieso illustrations are special cases of the semnspecial semi-general 
case — a very important one — 

*-£• 

Here we obtain = AT/ = - ts . 

r// L 2 

Dividing by A, tliat is, multiplying by L, we obtain this in the 

1 dX 1/ 


more symmetrical form 


A dl 


87, Product of two Functions. — Retaining the notation of the 
last two articles, one particular function, to winch we may apply 
the rule of £ 84, is the product XL. Thus 

</(AL) d(XL) </L 
di dL ' di 

But by 8 80, 

</(A L) , T d\ 

" X+L i/L- 

Multiplying by and observing that by § 84, 
there results 

T r7A 

" rf/ (7/ /// * 


If X, H and # be used for the three mutually dependent variables, 
instoud of the letters A, I. and /; and if X'and H' be the ^-gradients 
of X and S ; then the above is written 

/(XH) = XH' + X'E. 

dj' 

This extremely useful result may be easily proved directly by the 
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method of fig. 17, drawing a curve with ordinates X and S, and 
considering the increment of the rectangular area XH. This incre- 
ment is evidently 

X.8H + H.SX 


and dividing this by Sx the above result is obtained. 

Written as an integration this result is 

Jx3'dz+ jx'Edx = XE 
or JXE'dx = XS - j X'S dr * 

This latter form is the most fundamental and useful of the “ for- 
mulas of transformation,” and is usually referred to as “ Integration 
by Parts.” By its help most of the “formulas of reduction” are 
obtained. 

88. Product of any Number of Functions. — This result may 
at once be extended to the product of any number of different 
functions B, etc. etc. of ,r. The ^-gradient of this product is 
the sum of a number of terms, each of which is the product of all but 
one of the factors multiplied by the ^--gradient of that one factor 
omitted. The result may be written in more symmetrical form if 
each term be divided by the product of all the factors. Thus, call 
the whole product X, or let 

X etc , etc. 

then 

Y' a' PF 

t +£ + etc. +ctc. 

X E X 

where X', S'. X, etc., arc the ^-gradients of X, S, X, etc. 

89. Reciprocal of Product of Two Functions. — The ^--gradient 
of the reciprocal of the product of two functions S and of x is 
found with equal ease. Call this reciprocal X and its ^-gradient 
X'. Then 


and by last paragraph, § 88 and § 8G 


X' 

X 


<-I H(-J) 


3' X 
3 • 


See Classified List, I. 8, 
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90. Reciprocal of Product of any Number of Functions. — The 

extension of tins law to the reciprocal of the product of any 
number of functions is made by simply repeating the process of 
the last paragraph. 

91. Ratio of Two Functions. — To lind the ./.'-gradient of the 
quotient of two functions of r, we combine the laws of § 87 and 
§ 86. Thus, if 

y = S _ - 1 

M X 

then 

X'_B' X\J&_X 

XT - B + \ JV B X' 

It will he a useful exercise for the student to deduce this result 
directly by the method of fig. 18 and §*81, making the co-ordinates 
to tho curve S and $ instead of X and x, and without using the law 

92. Ratio of Product of any Number of Functions to Product 
of any Number of other Functions. — It is now apparent that all 
tho results of $ 86-91 , inclusive, may be combined into the following 
single more general formula : — if 

^ L hi N, etc., etc. 

P Q R, etc., etc. 

where L, M, N, P, Q, R, etc., are functions of x, and if X', I/, P', 
etc., be the .r-gradionts ; then 

93. Theory of Resultant Error. — If the last formula be mul- 
tiplied by &r, and if we call X'S.r zh 8X, L'SxztkSL, P'8xz^=8P, etc.; 
all direct reference to x disappears and the formula becomes 

8X __ 8L , SM ^ 2N f etc etc _ Sl> _ 8Q _ SR _ ^ 


K JL SM SN 
X " L M N 


etc., etc. 


Now, if L, M, etc., represent measurements of physical quantities 
tliat have been made in order to calculate from them the quotient 
X; and if, by any means, it be known or estimated that the 
measurement of L has been subject to a small error SL, and that the 
measurement of M has been subject to a small error SM, etc., etc. ; 

Si SM 

then ~~ is tho ratio of error in the measurement of L, and -V * 8 
L M 
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the ratio of error in the measurement of M, ami similarly with 
the other factors ; while is the resulting ratio of error in the 

A 


calculated quotient X. 

The above proposition may then be expressed in the following 
words : — 

The ratio of the product of a number of measured quantities to 
the product of another set of measured quantities is subject to a 
ratio of error, equal to the sum of the ratios of error in the indi- 
vidual multipliers reduced by the sum of the ratios of error in the 
individual divisors. 

Attention must lie re be paid to the signs of the errors Thus, 


if 8L is a negative error, then - 


81 , 


ib really a negative fraction. 


Similarly, if 8P is a negative error, then 


^ ^ ^ is really a positi ve 


fraction. 

Now, although there is often reason for supposing the suspected 
error to lie more probably in one direction than in the opposite, 
still errors being tilings which are avoided as far as possible (or 
convenient, or profitable), and, therefore, not consciously incurred, 
it is never known for certain whether any individual error he + 
or-. Thus, although divisors give by the formula latiosof error 
of opposite sign to those given by multipliers, it may happen that 
8\ 

all the terms in \ ~ are really of the same sign, and have, therefore, 

A 

all to be arithmetically added to get the whole ratio of error. Thus, 
if wo are considering what may be the/ maximum possible error in X, 
we must pay no attention to the difference between multipliers and 
divisors, but add all the ratios of error in all the factors (both 
multipliers and divisors) together independently of sign. 

It need hardly be pointed out that this maximum possible error 
is greater than the probable error. 

94. Exponential Function. — In fig. 20 is drawn a curve with 
horizontal ordinates called and vertical ordinates hu l varies 
continuously. Here / is essentially a number ; not, of course, 
necessarily a whole number, since its variation is continuous, b is a 
constant, and receives the name of the “ base ” of this curve. If b 
were any physical quantity, then its different powers would have 
various physical " dimensions, ” and would mean physical quanti- 
ties of different kinds. In fig. 20 we assume the various vertical 
ordinates as all of the same kind, and therefore b cannot be a 
physical quantity, but must be a pure number. On this aesump- 
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tion wo find that V is also a pure number. In this problem, there- 
fore,, both horizontal and vertical ordinates can be nothing but 
pure numbers.* 

At the same time it must be noted that if /r be a physical 
constant quantity, either a unit or any other quantity, then lcb l 
represents a varying physical quantity of the same kind. 

95. Power Gradient of Exponential Function.- -If n be any 
fixed number, b n is also a fixed constant number. We may write 

b l ^b n .U l ' n \ 

Hero // is the vertical height of the curve, fig. 20, at any 
horizontal distance I ; while b 11 n) is the height of a point on the 
curve at the constant horizontal distance n to tin* left of /. 

Considering various /’s and various pairs of points with ordinates 
l and (l ~n), we perceive that the nature of this curve gives a 
constant proportion, b n ) between the heights of all pairs of points 
at the constant horizontal distance n apart. A succession of 
points at the equal horizontal spacing n have their heights 
advancing in geometrical series, the common ratio of which is b n . 

Taking the /-gradient, or slope, of the curve at /, and remember- 
ing that b n is a constant factor, we find 
db l __ dU 1 -^ 

dl~ h ' dl ' 

This means that there is also the same constant proportion, b" f 
between the gradients as between the heights at all pairs of points 
horizontally n apart. 

Dividing the height by the slope we obtain the subtangent , 
see § 38. 

Subtangent at / = say T = 

Subtangent at (/ - n) = say T a . n) = b ll ' n) J — — . 

These two last expressions are equal, because the common factor 
//' cancels out in their ratio. Thus the two subtangents are equal 
in length ; see fig. 20. 

Now the length of the subtangent at / does not depend in any 
way upon the, length n. For any one point /, we may take various 
lengths thus getting various points (l - n\ at all of which the 
subtangent equals that at the one point /. This means that at all 
points along the curve the subtangent has the same length. 

* In Si. William Hamilton’s Quaternions , (-1) raised to a continuously 
increasing power is used to indicate rotation or gradual change of direction. 
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Inverting the last equation, 

— = Constant x h\ 
dl T 

the constant being the reciprocal of the constant length of sub- 
tangent. The .subtangent being a pure number, its reciprocal is 
also a pure number. 

96. Natural, Decimal, and other Logarithms. — When T =■ 1 
(unity), and the above constant is therefore also unity, the base 
b is designated by mathematicians by the letter c. It, c, is 
the base of the “ natural ” or “hyperbolic ” or “Neperian” 
logarithms. 

Each system of logarithms has a “base/’ winch is a number 
and to winch all other numbers are referred Every number, 
whether whole or fractional, is represented as this “ base,” raised 
to a certain power. The power to which the base must be raised 
in order to produce each number is the logarithm of that number. 

Thus, if // be a number, and if b be taken as the base of the system 
of logarithms, then / is tin* log of the number b l to the base b. 

In tlio “ Common,” or “ Brigg’s,” or “ Decimal ” logarithms, the 
base is 10 ; every number being represented as 10 raised to one or 
otlioT power. 

The result of g 95 may be expressed thus: — In any system of 
logarithms the logarithm-gradient of the number bears a constant 
proportion to the number itself. The reciprocal of tins constant 
proportion, or the subtangent in the graphic representation of 
fig. 20, is called the “ modulus ” of the system of logarithms. 

The “ natural ” system of logs may be defined as that which 
gives the rate of increase of the number compared with its loga- 
rithm equal to the number itself ; or which makes the logarithm- 
gradient of the number equal to the number itself; 'or, symbolically, 



the constant for this base o being unity. The base e is calculated 
to be 2'71828 . The modulus of this system is 1. 

97. Number Gradient of Logarithm. — If we call the number N, 
then in fig. 20 the vertical height of the curve is N and the 
horizontal ordinate is its logarithm. The curve is sometimes 
termed a logarithmic curve ; sometimes an exponential curve. It 
takes different forms according to the logarithmic base b used in 
drawing it out. In fig. 21 these variations of form are shown,i» 
five curves having the bases 

2, e, 8, 10, and 12. 
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All these curves come to the same height N = 1 at / = 0. At / = 1 
the height of each is the base l>. To the left of the vertical axis 
where / is negative, the height N is always less than unity, and 
decreases asymptotically to the horizontal axis towards zero height. 
Fig. 22 shows the extension of these same curves to high numbers 
with positive logarithms. The logarithm to the base v of the 
number N is written log, N. The logarithm to the base h of N is 
written log & N. Thus the decimal log of JNT may be unambiguously 
written log, 0 N. 

The results of $ 95 and 96 written in this notation, and taking 
the reciprocal or conjugate gradient from the vertical axis, instead 
of the /-gradient, are 

d \ og N _ _ T 

~ dN ~ 'IN ~ N * 

the constant T being the modulus of the system of logarithms, 
and 

(/Jog N dl _ i 
i/N' ~dN~N 

if natural logs are used m which the base is e and the modulus 
unity. 

98. Relation between Different Log “ Systems.” -Any base b 
may he looked on as the base e raised to a certain power, which 

we will call -i-. Thus 

i 

b ~ e i and e — b T . 

Therefore, if 

N = 

also 

log,, N = / = T log, N = log, N. log,, r. 


Thus there is a constant ratio T = log„c between the logarithms 
of numbers to the base b to their logarithms m the “natural** 
system. 

Taking the N-gradients of these last logs and remembering that 
T is a constant, 

d lo gb N T d Jog,JN _ T 

<m dN " jn 

which shows that the T of this paragraph means the same as the T 
of the last, § 97, or the subtangent of fig. 20. 
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Written as an integration result, this is 


j-f/N _log,,N N * 

J N log„e - ^ ' 

It is useful to notice that a ,og V = rt , because taking logs on 
each side, we find log,, x . log,, a = log 6 a . log,, x . 


It follows tliat [ a ]t)g i> l dx ^ X Bb . f 
J 1 + log,, a 

99. Base of Natural Logs. — Although the calculation of e, or 
of the modulus T of any logarithmic system, is very laborious, 
there is no other difficulty about it beyond its tediousness. Thus 
to find the modulus of, say, the decimal system, an extremely small 
root of 10 has to be extracted. Thus the square root may be 
extracted, say, 100 times over. This will give (^) 100 th power of 
10, which is a number a very minute fraction over 1. Now the 
decimal logarithm of this number is (i) 100 , which is easy to calcu- 
late, and the logarithm of 1 is zero. The former is, therefore, the 
increment of the logarithm corresponding to the number increment 
from 1 to the (£) 1,M) th power of 10. If the ratio of this logarithm 
increment to the number increment be multiplied by the number, 
which is hero 1, the product is the decimal log-modulus. 

The laborious part of the operation is finding the (J) 100 th power 
of 10. Extracting only a higher root, the increments will he 
larger, and the calculation will not give so great accuracy. Thus, 
if the extraction of the square root be repeated only 10 times, the 
result of the calculation gives 


T 10 - 0*434 294 116 + 


whereas by more minute calculation its true value to 9 decimal 
places has been found to be 

0*434 294 482. 


The error is only 0*000 000 366. 

100. Logarithmic Differentia tion — Taking again the function 
of § 92, and taking logs, we have 


log X -= log L -f- log M + etc. - log P - etc. 


* See Classified List, III. A. 3 f See Classified List, IV. 7. 

t Calculated by Mi R F. Muirhead from the value 


log 102 - log io 2 ~ 10 ior io _ 

10 a ' w -lQ' 2 "“ 2.(10.--!) 
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and diflbrcnUating with respect to x, we have by §§ 84 and 98 

,„X' „ J 1/ M' t F ) 
l X =T iL + M +etc -p“ otc 'l 

which is the same result, again as was found in § 92. 

This method of differentiating products of functions is called 
“ logarithmic differentiation.” 

101. Change of the Independent Variable. — The rule deduced 
in $ 80 was written 

I X</r=-X.» - j X'sth- . 

Now X'&r is the sam(‘ as 8X ; so that the integral on the right 
hand may be written J S(/X. The equation becomes then 

( Xdx=Xs- fxtlX. 

If J .tv/X in easier to find than j X<tx, this forms a method of 

facilitating the latter integration. Such a transformation is called 
a “ change of the independent variable ” or “ substitution.” 

Fig. 23 is the graphic representation of this law. Taking the 



integration between the points 1 and 2 of the curve a*X, the 
transformation is written 

r r x. 

xdX. 

J *1 Jx, 
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Tn fig. 23 the sum of the two areas rafined over thus ///// 
and mil is evidently (X 2 .r, - X^j). The first of these areas, 
namely, that between the curve, the vertical axis, and the two 

f X 2 

horizontal lines at levels X { and X 2 , is xdX. The second, included 
, . •' x > 

between the curve, the horizontal axis, and the two verticals at 

C', 

distances x { and .r 2 , is I Xdx . lienee the above equation. 

. J J 1 

In lig. 23 the point 3 has a negative ordinate x y while its X- 
ordinate is positive. A useful exercise for the student is to follow 
the variations of the proposition, taking the pair of points in eacli 
possible pair of quadrants of the lull diagram. 


CHAPTER V. 


PARTICULAR LAWS. 


102 Any Power of the Variable. —In § 99 the integral of 

^ was found to be log, ./*. This is the single exception to a general 
x 

law giving the integral of any power of a variable, special examples 
of which have already been demonstrated in 59, 61, 71, 79, 
and 85, namely, the integrals of the 0 th , l Rt , 2 nd , ( - 2) nd , 5 th , 
( - 4) th , 8 th , and 3^ th powers. 

All these examples conform to the general law 


/ 


r r n f 1 

x n dx — - — - +C* 
n + 1 


where C is the integration constant ; 

dx n+ ' 


dx 


(v -f 1 )x n 


103. Any Power of the Variable by Logarithms. — This 
result can be proved to be always true by logarithmic differentia- 


See Classified List, HI. A. 2. 



60 


THE CALCULUS FOR ENGINEERS. 


iion as explained in § 100 ; thus, n being any power, positive or 
negative, integer or fractional, 

log X n log x 

•** X ~x 

X' = n ^ — nx n ‘ 1 

X 


104. Diagram showing Integral of x _1 to be no Real Ex- 
ception — This formula is true for all powers of the vanable, with 


the one exception of the integral of - 


1 


or x~\ which is log c &. 


It is often a puzzling question to students why there should be 
this one solitary exception to so general a law. Fig. 24 has been 
drawn to demonstrate graphically that it is only formally an 
exception ; that it is in reality no exception at all. To compare 
this one apparent exception with other cases of the general Jaw, 
the integrations must be taken lie tween the same limits. It may 
bo convenient to take the lower limit of x equal to 1 because 

log 1-0 and [log x J = log x. Taking the same lower limit for 

1 ] p U ' n _ ^ 

we have \ x n I — — because l n — 1 whatever u be. 
a n L J i n 

Xj* ~~ 1 

In fig. 24 there are drawn to the scales shown, the curves 

n 

for n-2, 1,1, - J, - 1, and - 2. There is also plotted 

to the same scales the curve log,#. It will be seen that the curves 
for n = ^ and u~ - ^ lie very close together, and that the curve 
log c x lies between them throughout its whole length. This shows 
that the logarithmic curve is simply one of the general set of 
curves illustrating the general law, and that it is no real exception 
to the general law. Its position between the curves for a — ± y 1 ^ 
sliows that log, x is simply the special name given to the value of 

the function when n is an excessively minute fraction, or rather 


when n is zero. Considering the variation of the curve in fig. 24 
downwards from positive values of n to negative values of w, it is 
dear that the curve must have some def nite position as n passes 
through zero, a position lying between that for small positive 
values oi n and small negative values of n . This position is that 
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of the curve log, x. For n- 0, the function - takes the 

u 

1 1 “ 1 0 

indeterminate form — — = — — = — , and its value has to be found 
0 0 0* 

by a special method, the result appearing in a special form. It 
should be noted that all the curves pass through the height 0 at 
the horizontal distance x= 1, and that they have here one common 
tangent or gradient = 1. 

105. Any Power of Linear Function. — If a, b, and n are 
constants, and 

X = (a 4- bx) n , 

we have by § 84 and last article, 
dX ^ d(a + bx) 
dx 


X' = 


-n((t + bx) n 1 x /> — lm(a + hx ) n ~ l . 


d(a + bx) 

Written inversely for integration, this is 

I (a + bx) u ifx = h (- l + ^ (a + bx)’ l+l + C 
the constant C being introduced by the integration. 


106. Reciprocal of any Power of Linear Function. — This last 
integration rule fails when n = -I. 

In this case we find by §§ 51 and 98, 

j(a + bx)~ l dx = ^ log* (a + bx) + C = ^ ^ log 10 (a + bx) + C .f 

107. Ratio of Two Linear Functions. — The function can 

b + cx 

be reduced so as to make it depend on the last case, 

ax 


ab 

vmj a — 

because — = - — (* 

b + cx c . 

b + cx 


Therefore, by §§ 102 and 106, 


/; 


ax 7 ax ah, n t , t n 

b Tex dx = T " 7 1 8 ' ^ + rx ^ + C ' 


108. Ratio of Two Linear Functions; general case. —Since 
the function 

A + B# _ A Bx 
a + bx a -{-bx a + bx 9 


See Classified List, III. A 4. f See Classified List, III. A. 5. 
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the integration of this function is performed by combining the 
results of §8 106 and 107.* 

109. Quotient of Linear by Quadratic Function. — If 

X = a + /«‘-; then X' = 2 bx and — * , = i-~ . 

a + bx 2 2b X 

Jv,= lx = lo & x l,y § 98 > 



therefore 


/ 


a + hx 2 


( lx - 


1 

2b 


log, (a + bx?) + C 


where C is the integration constant. 

Similarly if X =■ a + hx + ex? ; then X' = b + 2 r.r, and, therefore, 
any function of the form 

A f 


a + bx + ex? 


can be readily integrated by splitting it into two terms as in § 107.t 
110. Indicator Diagrams — An important case of the use of the 
law of §§ 102 and 105 is the integration of the woik measured by 
an indicator diagram. 

If at any stage of the expansion p be the pressure and v be the 
volume of the working substance, then as the volume increases by 
f/*;, the work done is pdv. 

Taking the expansion law m the more general form of § 105, or 
p = (a 4- bv) ; 

then the work done during expansion from p v to p 2 , v 2 is 
Expansion work done W = J pdv — j (a + bv)~ n dv 

1 “(ft)’’"' }■ 

Here the index is always negative. If it is arithmetically greater 

than 1, the expansion curve makes |^(a + £w)J negative. But at 

the same time the divisor (1 - n) is negative, so that the formula 
makes the work done positive. It is then better to reverse the 
limits and to use the positive divisor (n - 1 ). 

* See Classified List, III. A. 6. t See Classified List, III. A. 17. 



PARTICULAR LAWS. 


63 


If a =- 0, or p = bv~ n , as in most approximate formulas for expan- 
sion curves, the result simplifies, by cancelling out b from numerator 
u "d divisor, to* 



These formulas, which are all practically useful, give the work 
done during expansion in terms of the ratios between the initial 
and final volumes, and of the initial and final pressures ; also in 
terms of the initial product jw? and of the final product pv. The 
latter formula is most useful in the case of air and gas compression 
pumps where the initial and known volume and pressure are 
The “ admission ” part of the indicator diagram has an area p^ v 
and this has to be added to the above, giving the total work done 



* These calculations do not take account of the back pressure 
deduction from the area of the card. 

* The constant b used here equals the - » th power of the b used in the 
previous formula 
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The “ mean pressure v of this total area is the last value of A\ 
divided by v (?t or 



From this the back pressure must be subtracted to obtain the 
“ effective ” mean pressure. 

In the case of isothermal gas expansion, n — 1 or ]w = />, and the 
integration for work done during expansion is 

W = 2 3/v>, log 10 ^=2-3 log 10 

and including the work during admission 


w r?Vi| 1 + 2-3 log 10 ^ | • 
The ratio of mean to initial pressure is therefore 


Pm = v x 
Pi V 2 


1 + 2-3 



111. Graphic Construction for Indicator Diagrams. — In fig. 
25 the upper curve is a common hyperbola or curve of reciprocals, 



and is the gas isothermal. The lower is drawn to the formula 
p =.• Iw~ v ‘ 2 . The product />?’ is the same at all points of the upper 
curve, and, therefore, at all points equals Therefore for the 
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point 2 on the lower curve, the horizontal strip of area rafined 
over equals {p x v x ; and this divided by // - 1 = 2, /.e., 

multiplied by 5, equals the work done under the lower curve 
during the expansion from 1 to 2. 

The mean pressure, including the admission period, therefore, 
equals 5 times the height of the strip rafined over pins the height 
to the upper edge of the same strip. 

The gradient of the curve j) — bv~ n is negative, and equals 


p = - nbv~ 


Therefore n- 


omitting the minus 


sign which only indicates that the forward slope is downwards. 
But if T be the subtangent, then }>' = Therefore we find 
v IT 

n — 7 jTi and -- — = — . Thus m investigating actual indicator 

cards taken from engines or compressing pumps, at each point of 
the expansion curve at which a fair tangent can be accurately 
drawn, the value of the index n can ho found by measuring the 
ratio of v to T. Also in finding the mean pressure by adding to 
the height of the upper edge of the rafined strip of fig. 25 the 
depth of this strip divided by (n - 1), this division can be per- 
formed very easily by an evident graphic construction, since 
1 _ T 
n - 1 v - T * 

Conversely, in constructing theoretical indicator diagrams, when 
a few points of the curve have been calculated, it much assists in the 
fair drawing in of the curve to draw the tangents at these points, 


which can easily be done by setting off for each point T=» — • 

If an oblique line be drawn at a tangent of inclination n to the 
vertical axis (it is drawn dotted in fig. 25), then at each v the 
height ot this line will give the corresponding T. In fact, by this 
construction the whole curve may be accurately drawn out from 
point to point by drawing a connected chain of short tangents 
whose direction is at each point obtained in this way ; the accuracy 
of the construction being very considerable if care be taken that 
each short tangent length shall stretch equally behind and in front 
of the point at which its direction is found by plotting T. By 
this construction the labour of logarithmic calculation of the 
heights of a series of points is rendered unnecessary.* 

112. Sin"" 1 # and (r 2 - # 2 )~*. — In § 74 it was found that the angle- 
gradient of a sine is the cosine, and that of the cosine minus the 


* See Appendix E for further infonnation concerning this class of curve. 

’ K 
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sine. That is, if a be the angle and .s* its sine, or sin a = s 
since cos 2 a = 1 - s 2 , wo have 


rh 

~<Ta 


(l-" 2 ) 4 . 


then 


When the angle is measured by its sine it is symbolically ex- 
pressed as sin J #==“ the angle whose sine is Using this nota- 
tion, and taking the reciprocal of the above ; i.p taking the co 
gradient or the “sine-gradient of the angle, ” we have 

d sin" 1 # 1 
~ da 

From this we deduce the more general result 


d I a sin 
ds 




a 

: (r 2 - # 2 )* 


where a and r are constants. 

Tlie corres|)onding integrations are, when x instead of s is used 
to indicate the variable, 


/ 


a dx 

/*»' S m 

(r- - x-y 



= C'- 


a cos 


-v 


) 


* 


Tlie two angles having the same fraction for sine and cosine re- 
spectively are complementary ; so that these two forms of the 

integral only differ in tho integration constants ^C'-C - and 


in tho sign of the variable parts. 

The sine of an angle cannot he greater than 4- 1 nor less than 
- 1. Those integration formulae would have, therefore, no 
moaning in cases in which x>r or x< These limits corre- 
spond with those within which ( r 2 - :r 2 )* remains real, because the 
square root of a negative quantity is “ impossible ” or “ imaginary. ,, 
If (/* 2 - x 2 )* arises from any actual physical problem, such a prob- 
lem can never throughout the whole actual range of x make 
x>r. 

113. (1 - a* 2 )* integrated or Area of Circular Zone. — In § 69 

it was shown that the area of a sector of a circle equals Jr 2 a. The 


* See Classified List, III, B. 6 and 5. 
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angle may be expressed in terms of its sine as in last article. 
If $ be the sine, we have 

Sectorial area = | r 3 sin “ L. 

In tig. 13 this is the area NaO ; in which figure the length 
measures rs of the present article, and ar — r cos a = rj 1 - s 2 of 
the present article. The triangular area aOe, therefore, equals 
- s 2 . Add this to the above sectorial area ; the sum is the 
area ONr/c. This area may be taken as made up of a large 
number of narrow strips parallel to ON, the height of each of 
which would be r cos a « rj 1 - s 2 , while tho horizontal width 
would be r.ds. The area ONac is, therefore, the integral of this 
narrow strip of area from a = o to a — a, wliich limits correspond 
to from .s-oto6* = s. Thus 

j rj 1 — s 2 * rds = r 2 j ^/l - s 2 ds = fyr 2 8yj\ — s 2 + \j' 2 sin “br 
or 

ji 

Twice this is the area of a circular zone lying between a diameter 
and a parallel at the height s from the diameter, tho radius being 
assumed 1 in the last equation. 

Here, again, s cannot range outside the limits ± 1. 

114. x(r 2 -x 2 )~t integrated. — The function x(r 2 - x 2 ) ' l may he 
looked on as the sine divided by the cosine, i.e. f the tangent of an 
angle, see fig. 13, while dx is the increment of the sine. The 
increment of the sine multiplied by the tangent evidently equals 
the decrement of the cosine, and accordingly the integral is minus 
the cosine, or - (r 2 - ar 2 )l.f 

115. (x 2 ±r 2 )~* integrated. — The function (x 2 ±r 2 )~\ is more 
difficult to deal with. Let X represent any function of x f and 
multiply and divide its reciprocal by (x -f* X) ; thus : — 


fte_(lx + X ( 1+ X 
Jx~JXx+X* X J x + X 

= C + log c (x + X) if X' = 

The condition X' = = S gives xdx = XdX 

dx X 


X * 


* See Classified List, III. B. 9. 

t See Classified List, III. B. 7. Note also that, since x= - b j~(r 2 - a?), 

therefore x(r 2 - a? 2 )-* can be recognised directly, by § 84, to be the ^-gradient 
of - (r 2 - x 2 )K 
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or integrating 

a; 2 + /r = X 2 or X = (x 2 + k)i 

where the integration constant Ic may be either + or - . Writing 
k = ± r 2 , we have 


/ 


dx 

(x 2 ± r 2 )* 


= C 4- log, {x + (a* 2 ±r 2 )*}.* 


Here, if k is negative, tlio differential is “ imaginary ” and cannot 
occur in any physical problem except for values of x greater 
than J - k. 


116. x '(r 2 - .r 2 )~* integrated. — The integral nf x~\r 2 - x 2 ) * is 


found most easily by substituting -i for x. 

X 


Thus 



117. Log# integrated. — The integral of the logarithm of a 
variable number X is found by help of the formula of reduction 
in S 80 and by S 98, thus : — 

f log » Nr/N = N log,, N - log, e f J rfN + C 

= N{log,N - log, e} + C. 

log b c is the “ modulus ” of the system of logarithms whose base is 
b t and for the decimal system is 0*4343 nearly. Therefore, 

j log,,, NrfN - N { log,o N - -4343 } + C . J 


* See Classified List, III. B 6, 3, and 4. 
t See Classified List, III B. 13 and 10. 
$ See Classified List, IV. 4. 
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118. Moment and Centre of Area of Circular Zone. — With 
tlie notation already used, wc saw in § 113 that a narrow strip of 
the area of a semicircle is 2r 2 (l - .s*‘ 2 ) 4 r7 t s*. The distance of this strip 
from the diameter from which the angle and its sine are measured 
is rs, and the product of the area by this distance is the moment 
of the strip-area round this diameter. This is 2rV*(l - s 2 )Uis, m 

which r is a constant while s varies. 


Sin—- - J-Slf"**. 

(IS 


the 


integral moment of all the strips for a z 
and a parallel rs away from it is easy to find, 
letter 8, we find 

Integral moment = 2 r :i j; s( 1 - s 2 )bh 

= ->* I S MS 


between the diameter 
Calling (I - s J ) by 


= - $r 3 S* 

when taken from lower limit <s* = Q or 8— 1. 

From this is deduced by dividing by the area of the zone , 
Distance of centre of arc*, a of zone from diameter 

_ M t 1 - (1 - 
~ ^ s( 1 - s~)i -f- sm ‘ * 

For the whole half circle, sin ~ l s becomes a right angle or * 

while s— 1 and (l-,s ,2 / ) = 0. Therefore the centio of area of a 
semicircle is distant from the centre of the circle by 




1 


7 r 


2 


~-r= - 4244r 

OTT 


The moment of the whole semicircular area round the diameter 
is \ 

The integration performed here is a geometrical illustration or 
proof of the general integral of .r(l 

119. (r 2 + z 2 )~ l integrated. In $$ 78 it was found that the 
angle-gradient of the tangent equals the square*, of the reciprocal of 
the cosine. Remembering that 

COS a j + tan 2 a 


See Classified List, III. B. 9. 
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wo find 


. tan a 
1 + tan 2 a* 


Call tan a ==/, 
integration 


and thor(‘fore a^tan' 1 /; we then obtain the 
J ( ^ a — a tan'V + C.* 


Here t is essentially a number or pure ratio, and it may vary from 
- oo Lo + oo . If, m order to make the formula of more general 
application, we introduce a constant r- as follows, then / may be 
any + or - physical quantity, but / and r must be of the same 
kind. Then, since 

<j)_. 

dt r 


I, 


dt 1, _j f „ , 
tan — +C.f 
r + tr r i 


120. (?’ 2 - x 2 ) _1 integrated. — Since (r 2 - x 2 ) -(r + x) (r- x ), wo 
find easily 


1 = 1 / 1 + 1 \ 

r 2 - x 2 2r\r + x r - x) 


and therefore this function can be integrated by help of § 1064 
121. Hyperbolic Functions and their Integrals. —The func- 
tions i(e* + (*~ x ) and \(e v - e~ r ) enter largely into the geometry of the 
hyperbola and of the catenary, as well as into the investigation of 
several important stress and kinetic problems. From the origin 
of their utilisation by mathematicians they are called hyperbolic 
functions, and from certain useful analogies between the geometry 
of the hyperbola and that of the circle, the names sinh x and 
cosh x are applied to them.g In § 96 wo have already found the 
x gradient of e x . Using it, we obtain 

— ^ W + e - e-') = cosh x 

and 

d cosh x , . r , . . 

- - ^ \ (e* + (' ~ x ) - smh ,r . 


* 8»h» Classified List, III. A 8. 
X See Classified List, HI. A. 9. 


t See Classified List, III. A. 10. 
§ See Classified List, V. 
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Written as for integration these results arc 
j cosh x dx = sinli x 

and 

I sinh x dx «= cosh x . 


The integrals of other hyperbolic functions are equally easy to 
find, and arc tabulated in Section V. of the Classified Reference 
List at the end of this book 


CHAPTER VI. 


TRANSFORMATIONS AND REDUCTIONS. 


122 Change of Derivative Variable.— -From the fundamental 
idea of X', the .^-gradient of the function X, as explained in § 35, 
we have in equations between increments or between integrals 


or 


dX = X'dx 


dx — 


dX 
X' ’ 


Now, it may be easier to find j ^//X than to find j Xd.r, and it 


amounts to the same thing. The former integration may be easier 
if X' he capable of convenient expression m terms of X. This 
transformation has been frequently employed already, as, for 
instance, in $ 119, 118, 11G, etc., etc. 

More generally, if /(X) he any function of X when X itself is a 
function of x , it may facilitate the integration to substitute 

j for j f(X)dx, 


provided either that X' cancels out of the expression 


/(X) 

X' 


that X' is expressible in terms of X. 


or else 


123. Substitution to clear of Roots. — A selection of such 
transformations is given in Section II. G of the Classified List, 
under the title of Substitutions , page 169. 
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Thus in II. G. 4 we get rid of roots hy taking 


X = (a + kc)r .x ^ = 


and 

Therefore 


1 dr _ p l 
X' dX ~ h * 

p f (X v -- a) m 


f :r™dX p f (.v - .</ vp.jnr 

] (a + bx) q ! r ft* +1 J X* 


V 

■ /,»+! 


| (X*' - <Cf"&r*-\TSL ; 


a form which is dealt with later on in § 12ft ; but which can be 
integrated directly if m be an integer by expanding ( X p - a) m by 
the binomial theorem. 

124. Quadratic Substitution. — Again, in II G. 5, the function 
/ ( ax 2 4- bx 4- c) is transformed so as to get rid of the second term 
involving the first power of the variable. The proper substitution 
may be arrived at thus : put 

X-z + £ X'=l z-X-£. 

Then 

ax 2 4 - bx 4- r = aX' 2 - 2 a$X 4- a£ 2 4 - bX - b£ 4 - r 
The two terms in the first power of X cancel if $ be taken 

2 a 1 

and then the remaining three terms not involving X become 


ap-bfj + c- 


h 2 

4 a 


b 2 4 ar - b 2 

2 a + ° ia 


We have then the transformation 


= say ak where h — 


4ac - b 2 


If (ax* + bx + r)<ls = a f/(X 2 + A )dX 


vith X - 



and Ir- 


Aac - b' 2 
4 a 2 


This transformation is uied largely in dealing with quadratic 
surds.* 

125. Algebraico-Trigonometric Substitution.— If in this last 


* See Classified List, III. B. 13, 14, 15, and 18. 
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expression k be positive so that its square root can be extracted, 
t.r., if 4 ar>b with a and r both positive, then the above integra- 
tion of, say, (x 2 + k) may be thrown into a trigonometrical form by 
help of the substitution 


X 


tan" 




or x = kt tan X and 


1 

X' 


cos 2 X 


In these terms 

x 2 + k -- k tan 2 X + k = — * 

cos 2 X 

and therefore 

Other similar conversions of algebraic into trigonometrical in- 
tegrations are detailed in the II. O Section of the Classified List. 

126. Interchange of Two Functions. —In § 87 was estab- 
lished the transformation 

I XH 'dr = XH - j X'&te = XS - j&lX 

a special simple case of which, already stated in § 80, is E = 1 
and S = x, or 

j^Xrfx^Xx - jx'xrix = Xx- fxdX. 

This general formula may be useful when the function to be 
integrated, viz. (XB r ), is not as a whole directly integrable, but Jis, 
however, capable of being split into two factors, one of which (a ) 
has its integral (S) directly recognisable. 

127. Interchange of any number of Functions. — The opera- 
tion may lie extended to the integration of the product of any 
number of functions of x according to the result of § 88 ; but 
with the multiplication of the number of functions to be dealt 
with, there is an increase in the complexity of the conditions 
under which the formula may be useful, and, therefore, a decrease 
of the probability or frequency of such usefulness 

Transformations, according to this rule, are called Integration 
by Parts 

128. General [Reduction in terms of Second Differential 
Coefficient. — If /(X) be any function of X, and /'(X) its 
X-gradient ; then, X' being the ^'-gradient of X, 

^ ) = X/'( X ) by §84. 

* See Classified List, II. U. 7. 
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Also 


l x ' _ _ 'IE 

dx (X') J dx 


I loro 


dX f 

dx 


is the ^-gradient 


of 


X', 


and is called the “second 


differential coefficient of X with respect to x” or, more simply, 
the “second .r-gradient of X.” It is concisely written X". 
Using this notation (X'') and applying $$ 126 we have 


f/'(X)^=' 


/(X) 

X' 


/®,XVx. 


Here the given function is/'(X), and the supposition is that it is 
directly integrable with respect to X, but not so with respect to x. 
On this supposition the transformation will be of use if it is found 

that .X" is directly, or more easily, integrable with respect 

(X / 

to x. 

129. General Reduction for X 7 .— If /*'(X) = X r , then /(X) - 
X r_ * 1 

— , > 80 that in this case the above formula would be 
r+1 


/ X r 

In some cases this form may be preferable to I ^ r dX, 


which 


would be given by $ 122. 

130. General Reduction of x m X l . — If m $126 one of the two 
functions whose product is to be integrated be x m and the other 
X r , whore m and r are any constant indices, the transformation 
gives 

f y'X'tfx ■= — % - — . f x'" +1 X r ~ 'X'dx . 

J m + 1 m + 1 J 


If this latter quantity he not directly integrable, it may still be 
capable of being further reduced by the application of other 
formulas of transformation already explained, so as to finally 
reduce it to a directly integrable form. 

Such a formula is the base of certain Formulas of Reduction. 

131. Conditions of Utility of Same. — The last formula given 
is capable of repeated application, provided that X' is proportional 
either to some power of x or to some power of X, the right-hand 
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integral then reducing to the same general form as the left-hand 
one. In either case, or again in the case xX' = a + bX 9 it is not 
difficult to prove that X must be of the form 

X = a + hx n . 


If r be a positive integer, then X' can be expanded into a finite 
series of powers of x, which when multiplied by j 1,1 will give 
another series of powers of x , each term of which can bo integrated 
separately ; so that in this case no need of the above reduction 
formula will arise ; although m some cases its use may shorten the 
work involved. But the formula is useful for repeated reductions 
if y is negative or fractional. 

Various cases of such uses are given m Section IX. of the Classi- 
fied Reference Lid at the end. 

132. Reduction of x rn (a + bx v )'. 


If X = a + then 
X' = = W (X -a) 

and § 130 gives 


/ 


x m X r dx - 


m+ 1 


x m+1 X r rn 
vi +1 m 4- 1 


-»™I /'-X'-'(X-)* 

[z m X r (U+ lx m X r -'dx. 

J VI + 1 J 


TTere we have jx m X r dx on each side. Bringing these two terms 

to one side, and dividing out by the sum of their numerical factors, 

. / 1 , rn \ m 4 1 + rn 

viz. ( 1 + — J = - , we find 

V m + 1/ - 1 1 


m + 1 


/■ 


sTX r rfx = 


x m+1 X r ma 

1_ 

m + 1 + rn ??? + ! + rn 


lx n 'X fl dx;* 


a formula of reduction by which in the integration the power of X 
is reduced by 1, while that of x is left unchanged. The reduction 
of the power of X is compensated for by the multiplication (outside 
the sign of integration) by the factor a, which has the same “ dimen- 
sions ” as X. 

This formula can be used inversely to pass from x m X r ~ 1 to x m X r , 
that is, to increase the power of X by 1 without changing that 
of x. 


See Classified List, IX. A. vi. 
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If the other form of X', namely, nbx n ' L , be used in this transfor- 
mation, there results 


[x-'XUx = - rn \ [z m+ *X-',ts; 

J m + 1 m + \J 


a formula of reduction by which, while the power of X is decreased 
by 1, that of x is increased by n. 

By the previous formula j x m+n X r ' t dx may be converted into a 

quantity in terms of j x m+n X r dx, and thus J x m X r reduced to an in- 
tegral in which the power of x is raised by n 9 while that of X is 
left unaltered. 

By similar transformations one can ring the changes among the 
integrals of the following set of nine functions, any one of which 
can be reduced to any other 


*”X r+1 


^'"X rH 

af‘X r 

x m+n X r 

x™-"X r 

arX r -' 

x* + *X r '‘ 



The complete sot of reduction formulae for this purpose are given 
in Section IX. of the Classijwd Iirfemur List at the end. 

133. Keduction of / th Power of Series of any Powers of x . — 
Similarly if 

X = ax a + bxP + gxy + k ; 

then § 130 gives 

f -wi+lVr r r 

I x m X r dx = * ' I x m (aax a + fibxfl + ygxy)X r ~ l dx . 

The last integral may he taken in terms each of the form j x n X r ~ 1 dx i 

and on account of the reduction from r to (/’ - 1) in the index of 
X, these may be more amenable to simple integration than the 

original j^x m X r dx. 

Evidently this formula applies to the sum of any number of 
terms in different powers of x. 

134. Special Case. — If in the last article one index = 0 and 
another = 1, we have 

X = a + bx n + cx 


ua which case a simple reduction, like that of § 132, will show that 
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/■ 


x in X r dx~ 


x m+1 X r __ 7 
m + 1 + nr m+l+nr 


1 )cx+?ia}X r ~ 1 dx . 


135. Trigonometrical Reductions. — If in the general formula 
of § 1*26 the product XE' be equal to sin”#, then we may split 
this into the two factors sin x and sin”" 1 #, thus : — 


X = sin” l x X ' = (n - 1 ) sin ”" 2 x cos x 

E' = sin x E = - cos x 


X'E= - (n - 1) sin”" 2 # cos 2 # - - (71 - 1) sin” V(l - sin 2 #) 
= (n~ 1 ) sin”# - (n - 1) sin”" 2 # . 


Therefore 


j sin n xdx~ - sin”" 1 # cos x - (it - 1) |\sin n xdx f (n - 1 Js\n n ~~dx 


Sill” " l X COS X „ 

= - +~ Ism u ~ J dx* 

n u J 

by adding together on the left-hand side the two terms in j sin n xdx 
and dividing by the sum of their coefficients, namely, 1 4 (n - 1) = n . 

136. Trigonometrical Reductions. — Since by g 78 the angle- 
gradient of the tangent is the reciprocal of the square of the cosine, 

and since dx = , we have 


dx = cos 2 #^/(tan #) =- (1 - sin 2 #)rf(tan x) 

and, therefore, 

Jta,n n ~ 2 xdx~ J tan”“ 2 #(l - sin 2 #)rZ(tan x) — j ta n n xdx. 

Or, rearranging, 

j tan n xdx — ^^ 1~ ~ / ^ ann 

By either the process adopted in this article or that of last 
article, the various trigonometrical formulae of reduction are 
established which are set forth in order in Section IX. B. 1 to 9 
of the Classified Reference List at the end of this book. In each 
case the reduction changes the index by 2, which change results 
from the substitution sin V = 1 - cos 2 #. 


See Classified List, IX B. 1. 
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If n the index to be reduced be an even integer, a repetition of 
the reduction will finally bring down the integral to the form 

j dx, whose integral is x. If tt be odd, the finally reduced integral 

will be either j sin xdx or j cos xdx or j tan xdx, etc., e’ic., all of 
which have already been demonstrated. 


137. Trigonometrico-Algebraic Substitution — If in these 

trigonometrical reductions n is fractional, then since dx — and 

d sin x 
dx 


■ cos x , etc , etc., we may convert the formula into that of 
§ 132 and IX. A. I of the Classified List , thus . — 

. „ 7 [ sin”# 7/ . v f sin w .c 7/ . 

= I co8X d(smX ^ I (l-smV) : d(8mX > 

= I X”(l -X*)~ l dX 


S' 


in which X stands for sin^;. 
Similarly 


f . „ m 7 fa mV(l - smv)* 

/ sni”.r cos™ xdx ~ / /7 i ,<7(sm.r) 

J J (1 - snr>^ v ’ 

/ m - 1 

- IX"(l-X 2 )—dX. 


138. Composite Trigonometrical Reduction.— From the ele- 
mentary formulae for the sine and cosine of the sum of two angles, 
in terms of the sines and cosines of these angles, we may write : 
Since p = (p- 1) + 1 

sin px = sin (p - 1) x . cos x + cos (p - 1 ) x sin x . 
cospx = cos(p ~ l)a*. cos^-sin (/>- l)ir.sina;. 

Therefore integrals of (sin +M # . sin px), and (sin ±n ^ . cos px), and 
(cos± w :r . sin px) and (cost 7, a- . cos^a) may, by repeated application 
of the above formuloe, he reduced to series of integrals of the form 
(sin± n ir QO& m± x), provided p be an integer. For these latter forms, 
see Classified Reference List , IX. B. 5-8 
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SUCCESSIVE DIFFERENTIATION AND MULTIPLE INTEGRATION. 


139. The Second .r-Gradient. — In fig. 6 we have the area under- 
neath the curve measured between two vertical ordinates called X, 
and the .^-gradient of X, or X', is the vertical ordinate to the 
curve. The elope of this curve at any point is thus the .r-gradient 
of X', or the ^gradient of the ^gradient of X. This is called the 
“ Second Differential Coefficient of X with respect to x” or the 
“ Second ^-gradient of X.” It is written eithei 


d*X 
dx 2 


or X". 


In fig. 5 the vertical ordinate is X, and the gradient of the curve 
is therefore X'. Therefore, in this graphic representation the 
second ^-gradient of X is the rate at which the gradient of the 
curve changes with advance along the ./‘-axis. If the gradient of 
the curve increases with x, the diagram line curves upwards and 
X" is positive; if the gradient decreases in the same direction 
there is downward curvature, and X" is negative. The possible 
variations of sign of X" are shown on fig. 3. If there be no 
curvature, i>., if the diagram line be straight, then X" is zero. 
Although X" is greater the sharper the curvature, still X" is not 
the measure of the curvature. The relation between X" and the 
curvature is explained in § 145 below. 

140. Increment of Gradient. — In fig. 5 if the gradient increase 
in the horizontal length 8.r by (X' 2 ~ X\) = 8X' } then this divided by 
8x is the average rate of change of X' throughout the length 8x. If 
the two points be close together, then this is the actual rate of 
change of X' between these two contiguous points ; that is, it is the 
value of X" at this part of the curve. That is, when 8x is small, 

°-P- = X"ot 8X' = X”8x. 

8x 

141. Second Increment. — If 8x be small, then from the point 
(a% - J&e) to the point (x Y + J&k), the curve of fig. 5 rises a height 
X i&c, and from the point (x 1 + \8x)^{x 2 - J&c) to the point 
( x 2 -f |Sa), the rise of the curve is 

X' 2 8x = (X\ + 8X')8x = (X\ + X”8x)8x . 

Thus while the rise is X' T 8# through the small stretch 8x lying 
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equally on either side of the point 1, it is greater than this by 
X''(8x) 2 through the next equal small stretch 8x lying equally on 
either side of the point 2. The horizontal distance between these 
two points is fix. Thus an advance of lias resulted in an 
increase of rise per Sx equal to X"(8x) 2 . The excess of the second 
of these rises over the first is called the second increment or 
second difference of X. It might be written 8(8X), but the 
usual and neater symbol is 8 2 X. Dividing by (8x) 2 we have 


8*X _ Y „_SX’ 

(Sx) 2 x Sx 9 

Stated in words this reads : — 

The second .r -gradient of X equals the second increment of X 
per Sx per Sx divided by the square of 8&. 

It must be remembered that this equation has been derived only 
on the supposition that Sx is taken very small. The other written 
d 2 X S 2 X 

symbol for X", namely, - resembles m form - --- with d sub- 
dx 2 (de- 

stituted for S. It is sometimes stated that dx is the symbol for Sic 
when Sx becomes “infinitely small,” and that when Sx becomes 

8 2 X d/"X 

“infinitely small ” 7 — .equals ' . but the present writer pre- 

(Sx)- dj- 

fers to avoid the use of phraseology which suggests reference to 
quantities which do not exist, and reasoning about which must, 
theieforo, be quite unmeaning. 

It should be noted that 8 2 X is of the same kind and dimensions 
as X, and that 8z is of the same kind and dimensions as x ; so that 

X" is of the kind and dimensions of X jx 2 . 

142. Integration of Second Increment 


-From the equation 


8 2 X - X"(&c) ,J 

we obtain the other 


Integral of 8 2 X = Integral of a corresponding continuous 
series of consecutive values of {X"(&c) 2 j. 

Remembering the meaning of 8 2 X, it is evident that its integral 
from one definite point 1 or x x to any other point x equals 

8X at x - SX at x x 
~ say 8X~(8X) 1 

these two increments being taken for equal small Sx's. Both these 
increments are very small , their difference is minutely small, and, 
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therefore, this integration as it stands can be of no practical use as 
a final result. But let us integrate again this minutely small 
difference of increments by taking all the successive values of 8X 
from x k up to point x and subtracting the constant (SX) x from 
each, and then let us add all the differences. The result is 
(by the distributive law in integration, see § 83) the same as 

J 8X - j (8X) V In the latter symbol, since (SX) T lias a constant 

value, we have simply to multiply this by the number of them to 


j* 

be added, which number is _ 1 

8x 


so that 


' < 8X >' - <—■> • 

In fig. 5 X\ is the gradient at the point 1, and this last, therefore, 
equals the rise of the tangent at the point 1 in the horizontal 

stretch (x - .Tj). Also j 8X is the whole rise of the curve through 

this same stretch, or (X - X t ) Therefore, this double integration 

of S‘ 2 X, the shorthand symbol for which is J Jd 2 X, gives the result 

J' r d 2 X =- (X - X,) -(x- x,)X\ 

*' “ = X - xX.\ - (X, - a^X',) 


and this is evidently measured in its graphic representation (see 
fig. 20) by the height of the curve above its tangent at point 1. 

143. Graphic Delineation. — In the process of single integration 
we found one constant introduced. In this double integration 
there are two introduced. In the above algebraic representation 
they are - X\ and - (X t -.TjX'j). 

On fig. 26 are clearly marked the graphic representations of these 
two constants, the first being the gradient of the curve at point 1. 

The lower limit is the same in both steps of this double integra- 
tion, namely, the point 1. It is not necessarily so. In the first 
step, the lower limit may be the point 1, and this will give the 
gradient-constant X\. In the second integration the lower limit 
might be taken at some other point 2, and this would give 


j J <l*X = (X - X 2 ) - (x - x 2 )X\ 

" 2 ' 1 = X - a:X'j - (X., - a; 2 X'j) 

leaving the one constant still minus the curve-gradient at 1, but 
making now the second constant minus the intercept upon the 

F 
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vortical axis cut oft by a line through 2 parallel to the tangent 
at 1. Otherwise, the integral is now the height of the curve 
above the line drawn through 2 parallel to the tangent at 1. 



144. Integration of Second ^-gradient. — Evidently J X”dx = 
X' -f C. Integrating a second time 

f j X' + C J dx = X + C*+ K. 

This formula is identical with the above if 

C- -X\ and K- - (X 2 -^X',). 

This double integration of X" is written shorthand ^ X"rfx dx y 
rn 

or still more shortly I X' (fx 2 . 

We thus see that when proper attention is paid to the equality 
of the constants of integration, 

j Jd 2 X = j jx"dzdsr 

or 

rn r ii 

j rf 2 X = / X'W. 

145. Curvature. — To show the relation between X" and the 
curvature of the graphic representation, let a be the angle which 
the curve at any point makes with the axis of x, and let this 
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increase to (u + 8a) in the arc-lengtli 8a, whoso horizontal projec- 
tion 13 8.r. The curvature is the reciprocal of the radius of curva- 
ture, or the “arc-gradient of the angle,” ^ . Since 8a is 

small, it equals tan (8a), and tan (8a) can he calculated by the 
ordinary trigonometrical rule from X' and (X' + 8X') the tangents 
of a and (a + 8a) ; thus, 

8a = tan (8a) ^ + - ^ x , “ y + X ^ nearl y> wlien 18 sma11 - 

Also the arc-length is 

8 a = n /8 ^ + 8X 2 =8,/ : ^r+X' 2 . 

Therefore the curvature is, p being the radius of curvature, 

1 da^SX' 1 X" 

P~da 8x ‘ Jl+X #s }« {1+X'2}r 

If the radius of curvature be easily found by any direct process, 
the inverse form of the above relation may be useful ; namely, 

X" -i {1 + X'-}5 . 

P 

If T be the sub tangent on the y-axis, and if (see iig. 27) the 



Fin. 27 . 

intercept on the tangent between this axis and the touching point 

X 

be called R ; then since R 2 = X 2 + T 2 and X' = , therefore 
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and 


1 +X' 3 = 


R 3 

T* 




If the radius of curvature he known — (a practised draughtsman 
can always find it with the greatest accuracy in two or three 
seconds by one or two trials with the dividers) — the construction 
shown in fig. 27 affords a very easy graphic method of finding X”. 

1 /R\ 3 

measured to scale, according to the above formula - l—j . Those 

acquainted with the elements of Graphic Calculation will readily 
follow tlio construction from the marking of the figure without 
further explanation. 

146. Harmonic Function of Sines and Cosines. — As an 

illustration of these ideas, take an ordinary harmonic curve. Let 
h be the height of the curve at horizontal ordinate / ; let r 1? r 2 and 
m be constants ; and let 


then 

and 


h — )\ sin nil + r 2 cos ml 

li —mr l cos ml - mr 2 sin ml 

h" = - m? (r T sin ml + r 2 cos ml) — - m 2 h . 


The student should write out those results for the three simplified 
cases — (1) ?\ = r 0 = r ; (2) r 9 = 0: and (3) r,=0. In all cases he 
will find that - Jh. 

147. Deflection of a beam. — If a beam be uniformly loaded 
with a load w per ft. run and have a vertical supporting force R 
applied at one end, the bending moment on the section distant l 
from this end of the beam is 


M = R/ - IwJ 2 . 


The bending moment diagram (ordinates M and Z) is therefore 
a parabola. At any point Z the gradient of the curve is 

M' = R -wl 

= R at the end where R acts 
= 0 at section where wl equals R 

between which points it varies uniformly. 
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The second /-gradient of M is 

M"= -to 

and is thus constant. 

It is easily shown that, in a beam subjected to elastic bending 

M 

only, the curvature of the (originally straight) axis equals , 

where I is the “area-moment of inertia” of the section, and E is the 
modulus of elasticity. 

in the case of beams so stiff that the bending under safe loads 
is very small — which is the only case of practical interest to 
engineers — it is sufficiently accurate to take the curvature as the 
second /-gradient of the deflection, neglecting the division by the 
-g power of 1 phi s the square, of the first /-gradient. 

Thus if A be the deflection perpendicular to /, then the second 
/-gradient of A or 

M 1 

A " - {HI ~ ^wl l ) in above case 

and 

a A 1 a // 7 i«> 1 /'n /T) . , if both E and I are 

A=J (R 1-W& constant along l : 


-KL/( EI4 ' l + 2 , ‘-r>" 


A.+ A V + (gP 


W 74 \ 1 

24 /El 


if A \ defines the gradient of 
the line from which the de- 
flection is to be measured : 

where A 2 defines the posi- 
tion of the line from which 
the deflection is measured. 


At any point l the gradient is 

A’-A-. + O-fi*)! 


If the deflection be measured from a lme parallel to the bent 
axis at its point where w/ = H s then A' must equal 0 at this point, 
Ii s 

and this gives A\ = - gp^, 2 further, we measure from a line 

drawn through the ends of the axis so as to make the end de- 
flections zero, then A must be zero at Z = 0, which gives A 2 = 0. 
Inserting these values of the two constant^, we find 


A 






86 


THE CALCULUS FOR ENGINEERS. 


This equals zero when l — 0 ; and, when wl — ll, which occurs at the 
centre of a uniformly loaded beam freely supported at both ends, 
it equals 


‘•-jSU- 1 **- 1 )- 


5 R 4 
24 El w*' 


If the span he L, the whole load = ?/;L =- W and R = £u'L, and 
f> wL 4 _ _ 

384 El" ' 384 El' ‘ 

148. Double Integration of Sine and Cosine Function.— 

In § 146 we find 

h” — - mVt 


and, comparing this with the original equation, wo see that the 
general result of a double integration from this relation is 

h = r, sin ml 4 t\ 2 cos ml 

where r 1 and are the two constants introduced by integration. 
But if the second-gradient equation he of the other form 

h" *- - ?^ 2 (/ , 1 sin ml + r 2 cos ml) 

the result of a double integration is not the same : it is more 
general, namely, 

h - r l sin ml -f r 2 cos ml + C t / + C. 2 

where C t and C., are the two integration constants. 

The former (h ' = - m £ h) is a special case of the latter more general 
rule, in which special case C { = 0 = C 2 ; and this specialty gives rise 
to the relation h" = - m £ h, which relation does not hold good in 
general. 

In the general formula the constant Cj gives a choice of gradient 
of the line from which h is to be measured; while C 2 gives a 
further choice of level at which to draw this datum line. In the 
special case this level must be such as to make h = r 2 when l~Q 
and the gradient of the datum line must be zero. 

149. Exponential Function.— If X =■ b x , then by § 95 

X' = ~ and therefore X"^~. 

If X = b™* where m is any constant, either positive or negative, 
whole or fractional ; then 1 

X'=^X andX" = gJx. 
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Tins case is tlie counterpart of that in the last article where 

( W?A2 

T/ 

is essentially positive. 

150. Product and Quotient of two or more :r~Functions. — If 
L and M are functions of x, and if X = LM, the first and second 
2 -gradicnts of X are 

X' — L'M + LM' and 
. .X"-l/'M + 2i;M' + LM". 

‘In the case of M — *r, then M' = 1 and M" = 0 ; 

therefore X" — L'V +21/ 

Similarly, if X he the product of three ./--functions, L, M, then 
X'' is the sum of a series of terms each of which contains the 
three letters L M and N, and m each term the number of dashes 
indicating the number of differentiations will be 2. Dividing by 
X = LJV1N, the result may be written 

X" L" . l\r + N" + JL'W . I/N' . WW\ 


X L T M T N Ti l LM + LN T M 

a form analogous to that of $j 92 ; and which may be extended to 
the product of any number of factors. 

151. Third and Lower .r-Gradients and Increments.-— The 
x-gradient of the second ^-gradient of X is the third gradient, 
and the ^--gradient of this again is the fourth ^-gradient ; and so 
on through any number of differentiations. 

These successive gradients are written either X'", X iv , X v , or 

else i.f etc - 

Similarly, if two successive values of the second increment of X 
per 8x per Sx be taken at two places Sx apart, the difference between 
them is called the third increment of X per 8x per 8x per 8x. 
This is written 8 S X ; and if it be divided by the cube of 8x, it is 
8 { X d 3 X 


'N'\ 

IN/ 


easy to show that 




= X'" = 


~ wlien Sx is very small. This is 


d 3 X 


not a truism. The symbol — ought not to he considered 

capable of being split into two parts, one of which, the numerator, 
cPX, is the value of 8 3 X when 8x is very small. Nevertheless, it is 
correct to write for any very small 8x 

d 3 X 
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Again, if 8*X be the ?/ th increment, and ^ ^ the n th gradient, 
then for any very small &x it is correct to write 

Fx='^(8xr. 

152. Rational Integral ^-Functions — If X = lx m , then 
X' = /nvx m ~ } ; X" — ha(m - 

and 

^ = /nn(m - !)(/// - 2) (m+ 1 - n)S"~ n . 


If m be a ]>ositive integer, tho tti tb gradient of hx' n will be a 
constant ; namely, 


d m X 

dx m 


= lnn(m - 1) (m - 2) 3*21 = Inn ! 


Tlius tlie (m+ l) 1h gradient of / x m is zero, as is also every lower 
gradient, if in be a positive integer. 

But if vi be fractional, then tho successive gradients jiass into 
negative powers of x , so that, in this case, a lower gradient may 
have a very large value for very small values of x Thus, if 

X = x * ; then, X' = ~ -x$, X" = ^x\ and X'" = , gi vmg very large 

values of X"' for very small values of x. 

If X = ax m + bx™~ 1 H \~ kx, and if m he an integer, then at 

each successive differentiation one term disappears, and the m th 
gradient is again a constant, viz., aw ! Thus any terms in the above 
function, except the first, might be omitted without altering the m th 
gradient. There are, therefore, (m - 1)! different functions of the 
above typo which give the same »i th gradient ; (m - 2)1 different ones 
which give the (m - l) th gradient the same in all ; and so forth, 
the differences corresponding with those arising from putting any 
except the first of the constant factors in the above general formula 
equal to zero. 

153. Lower x Gradient of Sine and Exponential Functions. — 

The successive gradients of some functions have a re-entrant or 
repeating character. For instance, 


X — / t sin mx + cos mx 
X"= -™ 2 X 


X iv = m 4 X 


X vl = - m b X , etc., etc. 
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Again, see § 95, 


X - IP 



. d ' l X = (PXx 

" <tjc n Vt v 

and Hi is is true whetlier /3 bo f or - .* 

154. General Multiple Integration If X', X", X'", X’ v , etc, 
are the successive ^-gradients of some function X, and if we start 
wjth a knowledge of the lowest of those gradients only, and wish 
to work upwards to a knowledge of the higher gradients and ot X 
by repeated integration ; we, find 

|x'V* = X'" + C 3 

where C 3 is the constant of integration. Then 

I J XV*- = f X'"ds + j c /lx X" + 0^+0, 

and 

rut n 

I X’W = X'4 -gV + C^ + C, 

and 

f" XV* 4 = X + ^ ** + ° 2 2 a -2 ^ 0,.r + C„ . 

This result might perhaps he more clearly understood when ex- 
pressed as follows: — X ,v may he WTitten (X lv + 0). Then the pro- 
position is that the fourth integral of the known function X 1V is 
the function X whose fourth ^-gradient is X 1V , jrfus the function 
(JCV* + ^C 2 a? 2 + Cp: + C 0 ) whose fourth ^-gradient is 0. 

If tliore were n integrations, there would he ( n + 1) terms in the 
result, one of which would be a constant, and (n- 1) of which 
would be multiples of the first {n - 1) integral powers of x . § 152 

illustrates one special example of this general proposition. 

The constants are to he determined from the “limiting condi- 
tions.” The number of limiting conditions, a knowledge of which 
is necessary to definitely solve the problem, is the same as the num- 
ber of “arbitrary constants” C appearing in the general solution. 

* See Appendix F. 
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Tn the above case Cb might be determined from a knowledge of 
one particular value of X", and then C 2 from that of one particular 
gradient X', the remaining C ( , being found from one particular 
value of X being given. 

r 

155. General Multiple Integration.-- If in § T26 we write / Xdx 
instead of X, ami therefore X instead of X', we obtain 

J{ S'j X-/r},/.r = S/Xdx- I EX'ir. 

If in this formula the x function H bo x itself, so that 5'=^ 1, there 
results 

xfxdx- j ' Xi/.r, 

which (‘iiables two possibly easy single integrations to be, substituted 
for one double, integration which may be otherwise impracticably 
difficult. 

Conversely, a, given function (xX") may be difficult to integrate 
once, while the part of it X" is recognised as tho second .^-gradient 
of a known function X, and thou tho form 

jxX"(/x~ xX' - J X"dx J 
-rX'-X 

may be useful. 

156. Reduction Formulae. — From g 150 we have 

f: (,-xwx"+2X' 

dx l 7 

from which it follows that 


xX - J'Lx'Ue 2 + 2 j "XW . 


In this substitute X for X', and therefore X' for X", and 
I Xdx for X , there results then 


j"xdx J = \x Jxdx - h J"xX'rlx* 

— ^x j Xdx - | J xdX dx. 
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Again, if in the same formula there be substituted X for X", and 

therefore j Xdx for X' and j Xdx 2 for X, the result appears as 

nil / ii ni 

/ Xdx- - u j Xdx 2 -}, xXdx 2 . * 


157. Graphic Diagram of Double Integration — The meaning 
of double integration can be very easily represented graphically. 

In fig. 5 the slope of the curve is X' and the height of the curve 
is X^tlie first integral of X ' by dx. Thus (X&r) or the strip of area 
between two contiguous verticals under the curve is the increment of 
the second integral of X' by dx. Thus the area under the curve in- 
cluded between two given limiting verticals is their second integrator 


Area under curve - 


r 


X'dxi 


This graphic representation will help the student to perceive 
clearly that this integral is not the sum of a number of terms, 
each of which is the square of Sx multiplied by the slope*, X'. The 
square of any one Sx multiplied by the coincident slope X' would 
be the rectangle of base and height 8X, because X'&c-SX. 
The sum of the series of such rectangular areas stretching between 
given limits on the curve is not any definite area, and it can he 
made as small as desired by taking the 8x’& sufficiently small. But 
this small rectangular area (ar.8X) is easily recognised to ho the 
second increment of the area under the curve. The first difference 
is the area of the whole vertical strip between contiguous verticals. 
The difference between two such successive narrow strips (each 
boing taken the same width Sx) is the above (Sx.SX). Thus as 
X’dx 2 is this second difference which equals X'(8x) 2 , there is 

nothing illegitimate in considering the symbol dx 2 in 1 X'dx 2 to 

represent the value of (Sx) 2 when fix is taken minutely small. 

158. Graphic Diagram of Treble Integration. -The idea of 
treble integration may be similarly represented graphically. 

If the various areas in fig. 5 under the curve measured from any 
given lower limit up to the various vei tical ordinates at the successive 
values of x, be looked upon as projections or plan-sections of a 
solid, the successive sections for each x and the following (x + &r) 
being raised above the paper by the heights x and (x + &c) ; then 

fin 

this volume is the true graphic repiesentation of 1 X'efo 8 , because 
the increment of this volume, or the slice of volume lying between 


* See Appendix Gr. 
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two successive parallel sections Sx apart, is the section-area at the 
middle of the thickness Sx multiplied by Sx. This section-area we 


rn 

have seen in § 157 to be / X'<Ix 2 ; and, therefore, the above 

rn rm 

ment of volume is I XV/ar*. The integral of this is I XVsc 8 . 


liicro- 


If the lower limiting vertical ordinate of the area be at# = 0, 
then two of the side surfaces of the above integral volume are 
planes normal to the paper of the diagram and passing through 
the axes of x and X. A third side surface, namely, that passing 
through the successive X edges (which are the various upper limiting 
ordinates in tlu* area integrals), is also a plane it passes through 
the X-axis and is inclined at 45° to the diagram paper. The 
fourth side surface is in general curved. These four side surfaces, 
three of which are Hat, give to the volumetric representation of 
treble integration the general form of a quadrilateral pyramid. 
The base of this pyramid is plane parallel to the diagram paper. 

As a valuable exercise, the student should endeavour to obtain a 
clear mental conception of the fact that X'(&c) s , the value of 
which becomes XVr* when S# is minutely small, is the third 
difference in the continuous increase with x of this pyramidal 
volume. 


CHAPTKB Y1TT. 

INDEPENDENT VARIABLES. 

159. Geometrical Illustration of Two Independent Variables. 

— Hitherto there have been considered combinations of such 
functions alone as are mutually dependent on each other. The 
functions .r, X, etc., have been such that no' one of them can 
change in size without the others concurrently changing size. 

In fig. 1, § 11, we have a vertical plane section of the surface of 
a piece of undulating land. Suppose it to be a meridional or north 
and south section. < )n it each distance measured northwards from 
a given starting-point corresponds to a definite elevation of the 
ground. If we take other meridional sections of the same piece of 
country, this same northward co-ordinate will correspond with 
other heights in these other sections. Thus, if h he used as a 
general symbol to mean the height of the surface at any and every 
point of it, then h depends not only on the northward co-ordinate 
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or latitude, but also upon the westward co-ordinate or longitude. 
If there he freedom to move anywhere over the surface, the two 
co-ordinates of latitude and longitude may he varied independently 
of each other, that is, a change in one does not necessitate any 
change in the other. 

Under such circumstances the elevation is said to be a function 
of two independent variables. 

160. Equation between Independent Increments. — In moving 
from any point 1 to any other point 2, the elevation rises (or falls) 
from, say to h 2 . Let the latitudes, or northward ordinates, of 
the two points he n t and an l the westward ordinates or 
longitudes he w x and w 2 . Then the same change of elevation 
would he effected by either of two pairs of motions ; namely, first, 
a motion northwards (?i 2 - ??,) without change of longitude, followed 
by a motion (w 2 - w L ) westwards without change* of latitude ; or, 
second, a motion (tn 2 - without change of n, followed by a 
motion (n 2 - n j) without change of w. This is true whether these 
motions he large or small. Suppose them to he small, and further 
suppose that there are no sudden breaks in the ground, that is, 
that the change of elevation is continuous or gradual over the 
whole surface. Call the small northward, westward, and vertical 
movements by the symbols 


?i 2 - n x = 8n 
w 2 - — 8w 

h 2 - h A = 8h . 

Then if the meridional northward slope of the ground, just north 
of point 1, he called r i Re during the small northward 

; and if the westward slope 


movement from 1 will he 


of the parallel of latitude through 2, just east of the point 2, be 

called , the rise during the small westward movement 8w 
\OW/2 

which, following the above, completes the motion to 2, will he 
(|^) .Sw. The sum of these two rises gives the whole of 8//, or 


8/t = 



8ta. 


Here the two gradients are not gradients at the same point. If 
fig. 28 he a plan and two elevations of the small part of the surface 
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considered, they are the northward and westward gradients at ^ 
and v 2 at the middle points of IN and N2 in the plan. 

If now the passage from l to 2 be effected by passing through 

W in fig. 28, and if and be the westward and north- 



Elevatwn 




ward slopes of the ground at and o> 2 ; then the same change of 
elevation may be calculated thus, 


hh = 



where the 8w and the 8n are also the same lengths as before, the 
quadrilateral 1N2W being a parallelogram. 




(^w) ar ° ^ 1C westwari * S ^°P 0S 011 opposite sides of this 
parallelogram ; they are the slopes*of N2 and l^V m the “ North 


Elevation.” and are the northward slopes upon the 

other pair of opposite sides; they are the slopes of IN and W2 in 
the “ West Elevation.” 

Adding these two equations and dividing each side by 2 ; and, 
further, calling the means between the gradients ou the opposite 

sides of the parallelogram by the symbols ~ and ~ ; we have 

c hi dw 
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On a continuous surface such as is here supposed, the above 
arithmetic means are, with great accuracy, equal to the actual 
gradients along the centre lines o>,k> and i/jOk, of the small rectangle ; 
that is, the gradients at the centre of the short straight line 1 2. 

161. Equation between Independent Gradients. — If the short 
level length 1 2 he called 8s, so that 8n and 8w are the northward 
and westward projections or components of 8,s ; then wo have, as 
general truths, by dividing successively by 8n, 8w, and 8s, 

8// / dh\ dh dh /VaA 

8n \ditj , dn dw\tln)s 
8h _ nlli\ dh(dn\ dh 
8w \dtr) t dn\dw)^dw 
8h dh dh a/ /A ?>h /<ho\ 

8s ds dn' \d* A + dw \ ds A 

where the restrictive symbol ( indicate, s a ratio of increments 
occurring concurrently along the special path * over the surface, an 
clement of which path is 1 2 or 8s; while the ratios of increments 
not marked with this symbol are pure northward and eastward 

gradients. does not need to he marked, as its terms indicate 
ds 

plainly that it means the actual whole gradient of the. ground 
along the path s. 

fdn\ ( dw\ f dn\ , fdtr\ 

te): U ): (;«)•■ * mi bj. 

are different measures of the direction of the path s in plan ; the 
first two are the tangents of the inclination of this path from the 
west and from the north respectively ; the last two are the sines 
of the same inclinations. These measures of its direction par- 
ticularise the special path to which the equations apply. and 

on ow 

have no connection with, and are quite independent of, the direc- 
tion of this path .s* : they are the due north and due west gradients 
at a point of the path, and depend upon the position of this point 
in the field, hut not upon the direction of the path at such point. 

The gradients and ~ are called the “ partial ” differential 
on ow 

coefficients or gradients of h with respect to n and w. 

is the ratio of rise to northward progress in travelling 

\dnj s 
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along the path #, and depends upon the direction of this path. 

It is quite different from ^ . In fig. 28 it, (^' ) , equals the tangent 

of inclination of the line 1 2 to the horizontal base m the “West 

Elevation ” : while - equals the tangent of inclination of line IN 
on 

to same base also in the “ West Elevation.” 

Similarly, equals the tangent of inclination of 12 to the 

(V/ 

horizontal base in the “ North Elevation,” while ^ is the tangent 

Otr 

of inclination of line 1W to same base also m the “North 
Elevation ” 

162. Constraining Relation between Three Variables.— We 

have above considered the ordinates n and w to any point of 
the surface as mutually independent of each other, and h as 
dependent upon both n and w. But we may equally well consider 
w a function dependent on both n and h. while looking on n and h 
as mutually independent of each other. Generally between the 
three functions 7/, w, and h there is only one restrictive rela- 
tional law established, leaving one degree of freedom of variation 
among the three. If a second restrictive law be imposed upon the 
relations between the three, this means that we aie restricted to 
some particular path, such as *, over the surface, and are no 
longer free to take points all over the surface. 

163. Equation of Contours. — The meridional section is such 
a restricted path; the restriction being 8'r = 0. The parallel of 
latitude is another such restricted path ; the restriction in this case 
being Sn = 0. A level contour line is a third example of such a 
restricted path, the restriction being 8/t = 0. Therefore, if the 

path N be a contour line, we have ^=0, and thus one form of 

(IS 

the equation giving the shape of a contour is 


dh /dn 
0wWj 


or 


/dn 

VdT 


(: 


'dw\ 

lb), 


l)A 

A = M»\ 


a 


dh 

div 

dh' 

dn 


Here — tangent of northward bearing of contour from due 
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west, and this is seen to equal minus the ratio of the due west 
slope to the due north slope. The minus simply means that if 
both these slopes are positive upward gradients, then the bearing 
is south, not north, of due west. The steeper the west slope is in 
comparison with the north slope, the more does the contour veer 
round to the south. 

The geometrical linear ordinates of the above illustration may 
be taken as the graphic scaled representatives of any kinds of 
measurable quantities related to each other in a similar manner. 

164. General .r, ?/, F(./,//) Nomenclature. — Let the two inde- 
pendent variables be called x and y, and let the function dependent 
on these be called F (x,y) Let also the rate, of change of F(x,y) 
with x when y is kept constant be called F \ (.**//), and its rate of 
change with y when x is kept constant he called F', ,(•*%//). 

Then the equations of ^ 1G1 are written 

{ V\{x,y ) } - T,(x,y) + VJixy)^ 

{F'vC'V/)} = 1 U) 


indicated by ; this ratio being any whatever, but the ratio 


where { is the rate of change of F(xy) with change of x 
when the change of x is associated with a change of y in the ratio 

^ ; this ratio ' 
dx <Jx 

inserted on the right hand being always the same as that involved 
implicitly on the left hand. 

165. Two Functions of Two Independent Variables. — Again, 
if f(xy) be another similar function of x and y, then 



r x (x,y)+r u (x <y ) d £ 

+f'v(x,y) ■ % 


the brackets { } on the left meaning that tin*, equation gives a 
particular value of the f(xy) - gradient of V(xy) ; namely, that 
particular value obtaining along with change of y combined with 

change of x in the ratio ~ inserted on the right hand. 

(hr 

166. Applications to />, t and <f> Thermal Functions. — 

An important example of the kind of relation described is that of 
temperature, pressure, and specific volume of any one definite 
substance. If /, ]>, and n indicate these, and if i! p indicate the 

G 
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pressure-gradient of the temperature with volume kept constant 
while f v indicates the voh mu '-gradient of the temperature a 
constant pressure; then for any changes 8p and 8n of the pressim 
and volume, there results a temperature increment 


8f — t' p .8p + t\ 8v . 

For any change of thermal condition in which the volume-gradienl 

of the pressure is ^ , the volume and pressure grad units of tin 
tin 

temperature are 


and 


a- 

o- 


r (1p +r 
1 !)• 1 ~ * 0 
' (1 *' 


'I'' 

'h' 


Or again, if p t and //, he, the temperature and volume gradients 
of the pressure with volume and temperature respectively kept 
constant, then for any change defined by a volume-gradient of 

temperature , tlie tempeiaturo and volume gradients of the 


pressure are 


and 


/ <7/ A , , dn 


m 


, dt , 


Here p\ is the slope of the “ isothermal” on the p,v diagram, 
p\ i« the slope of the “isometric ” on the /,,/ diagram ; 1\ is the 
slope of tlio “isobaric” on the /,r diagram, etc., etc. 

What is called “Entropy,” usually symbolised by <£, is most 
simply defined by the equation of its increment 


8 <£ = 


8/j.8v 

sr 


and this, combined with the above equations, gives most of the 
mathematical fonnulas of thermodynamics. 

167. ^--Gradient of {xy ). — In fig. 17, $ 80, the rectangular area 
between the two axes and the two co-ordinates x and X was 
taken as a function of these co-ordinates, and differentiated with 
respect to them. The problem was there considered in reference 
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to the ordinates to the particular curve shown in fig. 17, which 
may be regarded as similar to the particular curve * of $ 161. If 
in fig. 17 we now regard .rand X as the ordinates to any point 
in the whole field of the figure, they will then he independent 
variables It will now be better to name the vertical ordinate y y 
as X is throughout this book used to indicate a function dependent 
on x. The area (xt/) will he a function of these two independent 
variables. Applying the law of § 1G1 to this function, we have 


j <H?U) l 
’t <h' ' f 


_3(*L'/) w ith constant -f ^ ^with x constant x 

OX ' Off 

(hi , 

= y + jr-~ = t/ + xy 


(hi 

dx 


where the bracket { } indicates that the gradient is taken with 
concurrent change of x and // in the ratio given hy t/ on the right 
side. If the given //' he the ^-gradient of the curve drawn m fig. 
17, there is here reproduced tin* law of § SO, which is thus shown 
to be simply a particular ease oi a more general law, namely, that 
of §161. 

168. Definite Integral of Function of Independent Variables. 

— The equation of § 161 gives the increment of rise in level 8/t from 
any point of the surface to any other closely contiguous point. 
The integration of this increment of rise gives the total rise from 
one point to another point, near or distant, on the same surface. 
Taken between definite limits, this integral means the difference 
of level between two definite points on the surface From any 
lower limit n x w^ to any upper limit ?/ 2 /e 2 the definite integral 
is (h 2 - h x ). 

The indefinite integral is a general expression giving the height 
of the surface at any and every point measured from any con- 
venient datum level. 

169. Definite Integral of Function of Independent Variables. 
— In integrating from point 1 to point 2 (distant from each other), 
the integration may he followed out along a great variety of paths, 
the only condition a suitable path has to fulfil being that it must 
pass through both points 1 and 2. The path may be curved in 
any fashion, or be zigzagged in any regular or irregular manner. 
The integration along every such path will evidently give the 
same result. If in fig. 28 the points 1 and 2 he distant from each 
other, the integration might first follow the directly north path 
IN, and then the directly west path N2. During the first part 
S?/: would be continuously zero, and the integration would extend 
from latitude n x to latitude keeping constantly to the longitude 
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w v During the second part, 8n would he continuously zero. The 
same result is obtained by integrating first from 1 to W at constant 
latitude ?i v and then from W to 2 at constant longitude 

170. Equation between Differences of Integrals. — Incidentally 
it may be noted that this gives, by converting the equation between 
the sums of these pairs of rises into an equation between the 
differences of the pairs of rises on opposite sides of the rectangle, 



the left-hand expression meaning the difference between two 
integrations from latitude i\ Y to latitude n J9 carried out along the 
meridians of longitude /r> and w l ; while the right-hand similarly 
means the difference between two integrations each along a parallel 
of latitude and each between the same limits of longitude. 

171. Indefinite Integral. — The indefinite integral h may be 
obtained by first integrating along any meridian up to an undefined 
point, and then from that same, point along a parallel of latitude 
an indefinite distance; or the integration along the parallel of 
latitude may be effected first, to be followed by the meridional 
integration. In either case the second integration must start 
from the same point as that at which the first finishes, this 
point, however, being any whatever. 

172. Independent Functional Integration Constants, — 
Although 7i and w may be varied quite independently, there is a 
relation between the law of the meridional section and that of the 
section of constant latitude which deserves notice. The equation 
of the meridional section, in which n is the variable, changes from 
section to section, changes with the longitude This equation, 
therefore, in general involves the longitude w. For any one such 
section the value of n> entering into it remains constant. Thus the 
general expression for h may be taken as the sum of three terms, 
thus : — 

7/ = N + F(w,/r) + W 

where N is a function involving n but not w ; W a function 
involving tr but not ?i ; and F(;q?c) is the sum of such terms as 
involve both v and w. The partial gradient for any meridional 
section is 

W being a constant in this differentiation. 
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The partial gradient for any section of equal latitude is 


dh 

dir 


W' + F>,//>). 


These two formulas exhibit clearly the necessary relation between 
the two partial gradients. They diller, first, in N' and W', winch 
are respectively functions of n alone and of w alone, and between 
which parts, therefore, there is complete independence ; and, 
secondly, in F # n («*r) and ¥' w (uin), which are different hut not mde- 
pehdent, being necessarily Delated by the condition that they are 
the partial gradients of the same function involving both variables. 

173. Independent Functional Integration Constants. — 
Written m terms of independent variables .<•,//, and x the integral 
function of xy } these formulae become 


X ~ X -f- F(x, y) + Y 

I X- + H-, te ) 

|©Y'+F>,;/) 

where X is a function of x only, and Y is a function of y only. 

174. Complete Differentials. — In fig. 28 the slopes of the two 
lines 1W and N2 m the “ North Elevation ” give the westward 
gradient at the two latitudes n v and it,. These lines are drawn 
parallel in fig. 28 because tin 1 points 1, 2 are close together, and 
for a first degree of approximation the difference of slopes through 
them may he neglected if the surface bo continuous If a second 
degree of approximation to accuracy be considered ; that is, if we 
investigate ‘‘second gradients, 17 the difference between these two 
westward gradients must be taken into account. It is evidently 

s©- 8 ” 


and the difference between the rise from N to 2 and the rise from 
1 to W is 




. S?i . bw 


Similarly, the difference between the northward gradients W2 and 
IN as seen in the “ West Elevation ” of the same ligure is 

d /dh 
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and the difference between the rise from W to 2 and the rise from 
1 to N is 


d ,'dh 


dw 


{-)■ 

\ Oil ) 


8to . 8?i . 


Jhit by § 170 these differences equal each other. Cancelling out 
the common product 8//.8w, we have the equality 

d f dh\ d /Oh \ 

"d >t\dir) ~ dw\dn) * 


</\V / 

Using the nomenclature of the cm of $ 172. since =0 because 

(hi 

W' does not involve ?/, and similarly =0, this equation 

dw 

becomes 


d 

dn 


(F'«. (""’)) = «iy F" (mr) = ^F '„(»«•)) ’ • 


Thus it is mdiireient whether the // or the w differentiation bo 
taken first, and whether F" wip (w/r) or Y'' trn (Htr) be used as symbol. 

Although these second-gradients, calculated m these two di Heron t 
ways, have the same value, they represent two perfectly distinct 
physical phenomena. The one is the mni/mard rate of change of 
the westward gradient of //. The other is the westward rate of 
change of the nori hoard gradient of h. That these are equal, 
whatever kinds of physical quantities be represented by h, n and 
w, is a proposition of mathematical physics that is most interesting 
and fertile in its various concrete applications. 

175. Second r,//-Gradient. — When two functions of x and // 
fulfil the condition of being the partial x and // gradients of one 
and the same function, then the function formed by adding the 
products of these functions by 8x and 8y respectively, is said to be 

a complete differential. Thus if ^ and ^ be the functions, 

OX Of/ 

ascertained to he the partial x and y gradients of the same function 
X, then 


0 X 

dx 


8 x 4- ^ . 81 / 

Oft ’ 


is a “complete differential,” and this latter is said to be “ in- 
tegrate.” If this has been found, by accurate deduction from 
correct observation of physical fact, to be the increment of a real 
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physical quantity, then it is certain that the function! s theoretic ally 
intograble (although the integration may be impracticably dillicult) 
and that its two parts will fulfil the condition of $ 1 74. Of course, 
it is easy for the pure mathematician to invent functions of this 
sort that are not integrablo, and incorrect physical observation or 
inaccurate deduction from physical investigation may lead to 
differentials that are not integrable ; but such have no real 
physical meaning. 

176. Double Integration by dx and dy. — Conversely, if any 
function of two independent variables, x , y , be twice integrated 
first by dx and then by dy t tlie result will be the same as if first 
integrated by dy and then by dx, being in either case the sum of 
a function dependent on both x and y and of two other functions 
depending separately, one of them on x alone and the other on y 
alone 

These two latter functions are introduced by the integrations 
in the same way as constants are introduced by integrations with 
respoct to one variable , the one function being a constant with 
respect to one variable, and the other being a constant with respect 
to the other variable. 

Thus, for example, if 

d^y 

- a + bx -f cy + e xy 

dx dy 

then 

X = X + Y +^( <*+ gr t- 2 if + J x !>) 


where the laws of the functions X and Y must be determined by 

“ limiting conditions.” 

d^ 

The finding of v from the given value of is called the 

dxdy 

double integration of this function, and is symbolised by 

jjfx% dxd ^ 

or I I (f>(xy)dx dy if <f>(xy) be the given functional form of . 

J J dx dy 

177. Graphic representation of Double Integration by dx 
and dy. — The meaning of tlie double integration of <t>{xy) may 
be represented graphically in the following different manner. 

Let ) be represented by the height of a surface from a 
datum plane, the co-ordinates parallel to this plane being x and y . 
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Then the first integration j <j)(xy)dx may be considered as extend- 


ing along a section perpendicular to the datum plane and parallel 
to the .r-axis, in this integration // being a constant. The result of 
this integration is a general formula for the area of any such section. 
Two such sections at the very small distance 8y apart will inclose 
between them, under the surface and above the datum plane, a 
volume equal to 8y multiplied by the area of the ^-constant section 

/ 

I 


at the middle of 8y. This volume is, therefore, 


j <t>{xy)d.r 


S//, 


and the whole volume under the surface and above the datum 


plane therefore properly represents j J <f>(xy)dxdy. This geometric 

conception is more easily grasped if the integration be taken 
between limits 

178. Connection between Problems concerning One Inde- 
pendent Variable and those concerning Two Independent 
Variables. — In an investigation concerning two mutually de- 
pendent variables, such as those in Chapters 1. to VII., the two 
variables may always be represented by the co-ordinates to a plane 
curve. This curve may be looked on as a plane section of a 
surface, the three co-ordinates to the points upon which are related 
to each other by the more general kind of law dealt with m this 
chapter. Thus the former problems may always lie conceived of 
as the partial solutions of more general laws connecting three 
variables with only one specific relation between them. The 
problems of Chapters I. to VI T. may thus be considered special 
cases of more general problems of the kind now dealt with, and 
each of them might be deduced by specialising from a more general 
theorem. 


CHAP TEE IX. 

MAXIMA AND MINIMA. 

179. General Criterions. — In fig. 1, at the parts C, E, H, K, 
R S, IT, the /-gradient of h is zero. The points C and K are 
places where It rises to a maximum, the maximum K being greater 
than the maximum C, but the phrase “ maximum ” being under- 
stood to mean a value greater than any neighbouring value on 
either side. E is a place where h falls to a minimum. 
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Thus the gradient falls to zero wherever there is either a 
maximum or a minimum value. 

At the maxima points, C and K, the forward gradient passes 
through zero by changing from positive to negative, that is, the 
increase of the gradient is negative at these places 

At the minimum point E, the forward gradient changes from 
negative to positive, so that its increase is positive. 

Thus the criterion for distinguishing between a maximum and a 
minimum is, that at the former the second gradient or second 
differential coefficient is negative, while at a minimum point it is 
positive. 

It is not always, however, necessary to find the sign of the 
second gradient in order to make sure whether the point is a 
maximum or a minimum. Eor instance, if it be known that at the 
place where the first gradient is zero, the value of h is positive, 
and if it be also known that at two points near and on either 
side of this place the value of It becomes zero, or of any positively 
less value than at this place of zero gradient, then evidently this 
place gives a maximum. 

At the place H, fig 1, the second gradient is zero, because to 
the left of H it is negative, while to the right of H it is positive. 
This case of zero second -gradient occurring along with zero first- 
gradient is the limiting case coming in between the two previous 
ones, giving respectively maxima and minima; and it gives neither 
a maximum nor a minimum. Tins includes the case of the dead 
level US, wdiere also both first and second gradients are zero. 

Usually one’s general knowledge of the physical phenomenon 
being investigated is sufficient, without need of evaluating the 
second gradient, to indicate whether or not there is any such point 
as H. That is, the practical man who thinks of what he is 
working at, and does not follow blindly mere mathematical 
formulas, runs substantially no risk of mistaking such a point as H 
for either a maximum or a minimum point. 

180. Symmetry. — In very many practical problems conditions 
of symmetry show clearly where a maximum or minimum occurs 
without the need of investigating either first or second gradient. 
Thus, if a beam he symmetrically supported, symmetrically loaded, 
and have a symmetrical variation of section on either side of a 
certain point of its length, which point is then properly called its 
centre, then the bending moment and the deflection each reach a 
maximum at this centre. Such considerations are to be utilised 
wherever possible, and their use is sometimes more profitable in 
practical result than the more strictly mathematical process. 

181. Importance of Maxima in Practical work. — As examples 
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of the utility of these theorems may be cited the finding of the 
positions and magnitudes of maximum bending moments, of 
maximum stresses, of maximum deflections, of maximum velocities, 
of maximum accelerations of momentum, of tho positions of rolling 
load on bridges to give maximum stress in any given member of 
the bridge, etc., etc. All these things are of special importance in 
the practical theoiy of engineering. In the jointing of pieces 
together in machines and static structures, it is never possible to 
obtain uniform stress over the various important sections of the 
joint. It is of tin 1 greatest importance to find the maximum 
intensities of stress on such sections, because* the safety of the 
construction depends on the maximum, ha idly ever upon the 
aveiago, stress Tho average stress on the section is found by 
dividing the whole load on the section by the whole area of tho 
section. Such average stresses arc often very different from the 
maximum stress, and no reliance ought to be placed upon them as 
measures of strength and safety. 

Another class of technical problems in which maxima points are 
of paramount importance is that in winch two or more sets of 
variable driving efforts, or of variable resistances, are superimposed 
in a machine. Thus a first approximation to tho turning moment 
on tho crank shaft of a steam engine of one cylinder, makes this 
moment vary as sm a, where a is the angle at which the crank 
stands from the dead point If there be two cylinders m which 
the total steam pressures are Pj and P 2 , constant throughout tho 
stroke, and the two cranks, keyed on the same shaft, stand apart 
by an angle A , then a being the angle from dead point of one 
crank, (a + A) is that of the other. A remains constant while a 
varies. If S, and S 2 be the two strokes, the total turning moment 
on the shaft is 


ijSjP, sin a + S 2 P. 2 sin (o + A)} 

which reaches a maximum when its o-gradiont is zero; that is, 
when 

cos a __ S 2 P 2 
cos(a + A) SjPj * 

Tins ratio is mmm s unity when S 2 P 2 = SJ 3 , J and if, further, 
A — 90°, then <t — \ 5° at the maximum. 

182. Connecting Rod Bending Moments -The connecting rod 
of an engine is at each instant bent by transverse accelerations 
of momentum, whieh, taken per inch length, would increase 
uniformly from zero at the crosshoad to a certain amount at 
the crank end if the section of the rod were uniform. The 
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actual bending moments on the rod follow nearly the law due 
to tins distribution of load, because the excess of weight in 
each head is approximately centred at the point of support at 
either end and, therefore, does not affect the bending moments. 

If L be the whole length; / the length to any section from the 
crosshead ; w the transverse load per inch at the crank end : then 

is the load per inch at l. On the section at /, therefore, the 


i i • . . | w.L . wP / I 

bending moment is - . / - • v f • 

( o 1 I^i o ) 

The first /-gradient of this is zero at the point of maximum 
moment ; that is, this point lias a distance / given by 


wL wl' 2 _ 

IT ~ 21/” 

or 

/ — L =-f) 77:SL. 
v/3 

Inserting this value of / in the general value of the moment, we 
find as the maximum moment 


j n L L wLP ( 
* 6~ \/3 “ L6 x 3/3 J 


= *06415«;L i! 


which may be compared with *0G25/rL-, wliicli is the central 
moment in the case of the same total load, £// L being uniformly 
distributed along the whole span. It is 2 A / greatei than this 
latter, and its position is 7 i / of the span away from tins centre. 

183. Position of Supports giving Minimum Value to the 
Maximum Bending Moment on a Beam.— The following illustrates 
how maxima of arithmetic, as distinguished from algebraic, quail* 
tities may sometimes be found without use of a differential 
coefficient. If a beam, freely supported, overhang its supports 
equally at the two ends, and be uniformly loaded; then certain 
positions for the supports will make the maximum moment less 
than for any other positions of these supports. 

Let L and w per inch be the total length and the load, and l 
the span between the supports The bending moment oil the 

section over each support is /r.^ 9 ^ (L _ l)‘\ The 

central moment, taking it of opposite sign, is 

wL l w\a L __ wL / L \ 

7 “TriJ* 
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If this latter he negative, if these two moments will be 


of the same physical sign ; that is, the beam will bo bent convex 
on its upper surface throughout its whole length. If />—, a 


certain central length will be concave on the upper surface, and 
inside and outside this length the moments will be of opposite 
sign. As l is made larger, the magnitude of the central moment 
becomes always larger and that of the moment at the supports 
always smaller. Theodore, neither has any algebraic maximum. 
But when they are arithmetically equal, tlieir common arithmetic 
magnitude is then less than the magnitude of the greater of the 
two for any other span. So that, irrespective of sign, the mini 
mum of the arithmetic magnitudes of the three maximum moments 
is reached when 


w 

8 


( L 



or 


/ = *5858L and 


L - 1 
2 


is 

= '2071L . 


Inserting this value of / m either formula for the moment we find 
Central moment = moment over each support- *02144?/ , L“ 

which is only 17% of the central moment on the same heam with 
same load when supported at the two ends This fact may be 
regarded as the basis of the great economy of the modern “canti- 
lever ” style of bridge building. 

184 Position of Bolling Load for Maximum Moment and for 
Maximum Shear. — The next example shows how reasoning about 
increments, instead of differential coefficients, may be used to find 
maximum values. 

The bending moment produced by a load on any section of a 
girder, supported freely at its ends, is of the same sign wherever 
the load be placed within the span. Therefore the moment on 
each and every section produced by a uniform rolling load reaches 
a maximum when the load covers the vdiole span. 

The right-handed integral shear stress on each section equals the 
supporting force at the left-hand support, mum* the load applied 
between tins support and the section. Therefore, any load applied 
right of the section increases this shear stress, because it increases 
the loft supporting force and leaves unaltered the load between it 
and the section. But a load applied left of the section decreases 
the same stress, because it increases the left supporting force less 
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than it increases the load between it and the section. Therefore 
the right-handed shear stress on any section due to a uniform 
rolling load reaches a maximum when the load covers the whole 
of that part of the span to the right of the section, hut covers none 
to the left of it. The left-handed shear stress reaches its maximum 
when the part ’oft of the section is covered. The arithmetic 
maximum of the stress is reached when the larger of tho two 
segments into which the section divides the span is covered while 
the shorter is empty. 

185. Most Economical Shape for I Girder Section. - - Tho 

economic proportioning of sections is illustrated by the following. 

Let M be the bending moment strength of an I girder, whose 
depth is H outside tho flanges and h inside them, and whose flauge 
breadth is B and web thickness ?cB. 

Let the area of its cross-section he called 8. 

Then the moment strength per square inch of section may easily 
be shown to he 

M k TP-(1 -_f/»)/*» 

8 ~ AH ’ H - (I - w)h ‘ 


If H and h he increased in the same proportion, this 



increase in proportion to the first power of either of them, large 
sections being always stronger and stiffer per square inch than 
small ones. It also increases if H is increased without alteration 


M 

of //. - - also increases as w is decreased towards zero, the web 

b 


section contributing to the moment strength less than the flange 
section and, therefore, less than the average for the whole section. 
If, however, the web thickness he supposed fixed in accordance 
with the requirements of shear strength, and if // be diminished 
while II is unaltered, thereby thickening the flanges internally , 
this flange thickening will, up to a certain limit, increase the 
economy of the section, beyond which a further thickening will 

M 

deciease it again. The //-gradient of --- is 

S 


k - 3(1 - - (1 - w)h\ + (1 - w ) { H s - (1 - w)h s } 

6H * " {H-(l-w)//} a 

If this he equated to zero, there results 

2 < 1 - w >(4T~ 2 3 (ti) 2+ i =0 - 

This is a cubic equation giving the most economical depth inside 
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the flanges when that outside the flanges, as also the ratio w of 
web thickness to flange width, are fixed by other considerations. 
This ratio between // and H essentially do] lends on w, if w-0, 
giving zero thickness to the web, the above equation gives // = H, 
t.c., gives zero thickness to the flange also, or the whole section 
shrinks to zero area. When w — *5, it gives h/\I = *6527. A useful 
exercisefor the engineering student is to solve tins equation for values 
of w ranging up to *5. The solution can he very easily effected 
by the method of solving for to taking a series of values of hj 11 
ranging from l down to ‘6 ; tabulating these graphically as a curve , 
and then reading from the curve the 7^/H for any desired values of to* 
186. Most Economical Proportions for a Warren Girder. — 
The economic proportioning of general dimensions is the subject of 
the next example. 

If a Warron girder of height H, and length of bay B, have the 
bay width B made up of b the horizontal projection of a tie-brace 
and (B - b) the horizontal projection of a strut brace ; then the 
weight of material G required to give the structure strength to carry 
the desired load, exclusive of that spent in jointing the various 
members together, may bo expressed by a formula of six terms 
involving, besides 11, B and b , also the span, the load, the stresses 
allowed on the sections, and four numerical coefficients which do 
not vary with the H nor with the span or load nor with the ratio 

^ and vary very liUle with the number of hays. The same formula 


may he applied to any pattern of lattice girder by suitably adjusting 
the numerical coefficients. 

Four terms of this weight decrease as H increases, while two 
increase. A certain girder depth H will, therefore, he most 
economical in expenditure ot material. Assuming everything but 
H to remain constant, and equating the H-gradient of the above 
to zero, there is obtained the best girder depth. 

Again, the girder weight contains two terms increasing with B 


and two others decreasing with B. 


Assuming the ratio — and all 


other quantities except B to he kept unaltered and equating the 
B-gradient of G to zero, we obtain a formula for the most eco- 
nomical hay width for given span and height, which gives also 
indirectly the best number of bays to insert in the given span. 
This formula cannot, however, be precisely followed, because the 
number of hays must necessarily be a whole number while the 
equation gives in general a fractional number. 

The girder weight also varies with b in two terms, one of which 


* See Appendix II. 
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increases while the other decreases with b . Considering every- 
thing but h as fixed, and putting the //-gradient equal to zero, a 
rule is found for proportioning the length of the ties to that of the 
struts. 

These results are not formulated here because to guard against 
their incorrect application requires rather more explanation of 
special bridge-building detail than is suitable to this treatise. 

187. Minimum Sum of Annual Charge on Prime Cost and of 
Working Cost. — Very many technical problems are, or ought 
to fye, solved by reducing to a minimum the sum of two main 
costs : first, the initial cost of construction and other necessary 
preliminary expenses; second, the cost of working, maintenance, 
and repair. These can only he added when reduced to terms 
rationally comparable, and this is usually done by reducing both 
to an annual cost or charge. Interest on all initial expenses, 
including prime cost of actual construction, is to be added to an 
annual charge to provide for a sinking fund to reproduce the 
capital after a period within which it is estimated that tho plant 
will become useless from being worn out, or having become obsolete 
— which annual charge is often referred to as “depreciation” — 
and this forms the first part ol the whole cost. The. second part 
consists of wages, materials used up in working, power for driving, 
etc. If the initial expenditure he skilfully and wisely spent, its 
increase nearly always, within limits, decreases the working ex- 
penses. It follows that in most if not all cases a certain initial 
expenditure is that that will make the total annual cost a mini 
mum. Thus the adoption of a larger ratio of expansion m a steam 
engine will, within certain limits, diminish the consumption ol 
water and of coal required to produce any required horse-power ; 
but it will necessitate a larger and more expensive engine for this 
same horse-power, which will be, moreover, more costly to keep in 
good working order , and this is the real consideration which ought 
to determine tho commercially most economic cut-oil m steam 
engines. Lord Kelvin’s calculation of' tho best cross-sectional 
area of electrical leads is another example of this kind of 
problem. 

188. Most Economical Size for Water Pipes. — The following 
is a similar example directed to the calculation of the most economic 
diameter of water pipes, first published by the author m 1888 . 

If a given weight or volume of water is to lie delivered per hour 
at a certain station at a certain pressure, this means the same thing 
as delivering so much water horse-power at this station. Let this 
horse-power be called H, and the pressure demanded at the point 
of delivery p , let L he the distance from the pumping or gravity* 
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power station, and d he the internal diameter of the pipe. Then 
the loss of power in transmission, through friction and viscosity 
(exclusive of loss at "bonds and valves), can he shown to he nearly 
Ltt { 




r - > 


where a is a numerical coefficient dependent on the smooth- 


ness of the inside surface of the pipe and on the shape of cross 
section. If ry he the cost per hour of generating 1 horse-power, 
and if the delivery he continued for T hours per year; then the 
cost of this waste horse-power per year is 



The prime cost of pipes and pipe-laying (including trenching) 
may he taken as the sum of two terms, the first proportional to 
the length L, and independent of the size of pipe ; the second 
proportional to the quantity of metal m the pipe. The thickness 


of pipe requires to he designed according to the formula 



where A and B are constants. The part of the initial cost which 
varies with the diameter will, therefore, give an annual cost in 
interest and depreciation of 



where r is a factor dependent on (1) the price of iron; (2) the 
nature of the ground to he trenched; and (3) the prevailing rate 
of interest on money. 

That part of the total annual cost which varios with the size of 
the pipe is, therefore, 


» T *^ + M A+ r)- 

Equate the eZ-gradient of this to zero ; the result is 

an equation for the determination of d , which, although of the 
7th degree, is very easily solved with the help of Barlow’s Tables 
of powers. Other things being equal, it makes the diameter vary 

according to a power of lying between h and -£.* 

P 

* After demonstrating this law, the author incidentally discovered that 
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189. Maximum Economy Problems in Electric Transmission 
of Energy. — Calculations of maxima enter into many important 
problems in electric engineering. Let an electric current generator 
exert an E.M F. equal to E, and that part of the electric resistance 
of the circuit under the control of the supply company he R, 
while the rest of the circuit has a resistance r. Then the current is 

■k if there be no counter E.M.F. The electric work per second 
R + r 

E 2 r 

in the external resistance r is — . If it bo desired to make 

(R + ?') 2 

this as great as possible by adjusting r without alteration in either 
E or R, we find the ? -gradient of this external work to he zero 

E 2 

when r — K, and the external work is then the whole work 

4 r 


being double this. 

If there he an external counter E.M.F. equal to c, the current is 

and the work done on the counter E.M.F. is . This 

R+r R +r 

work continuously decreases as either r or R is increased without 
change in E or e. If E, R, and r he fixed while e is adjustable, 

E — 2c 

the e-gradient of this work is "T — which becomes zero when 

R + r 

e = l E, giving the maximum work that can be done on e under 

these conditions equal to — - and the efficiency - equal to i. 

^ 4(R + r) E 

This gives maximum motor work under the prescribed conditions, 
not maximum efficiency 

In the early days of attempted transmission of power by electric 
current, it was believed by many that this showed that no higher 
efficiency than \ could be reached in such transmission. This mis- 
apprehension was acted upon practically by electricians of good 
reputation, and retarded progress in this branch of engineering. 


The efficiency of the transmission is 


e 

w 


and this can he made 


nearly unity by making e nearly equal to E. By so doing, the 
excess of driving over driven E.M.F., namely (E - e), is diminished, 
and the current and horse-power delivered are diminished unless the 
decrease so effected be neutralised by increase in e , and, therefore, 
also in E, or by decrease m R 4- r. With small resistances, how- 


an old established firm of water engineers had empirically framed a rule 
which was neaily identical with the above. 


H 



114 


THE CALCULUS FOR ENGINEERS. 


ever, combined with high voltages, large horse-powers can be 
transmitted with high electric efficiency. The necessary voltages 
and resistances required to deliver any required horse-power with 
any given efficiency are easy to calculate, but the calculations do 
not illustrate the subject of this chapter. 

A large number of electric transmission calculations of values 
giving maximum economy, etc., under various conditions, may 
be found in a series of articles by the author in Industries, 
1889.* 

190. Maxima of Function of Two Independent Variables. — 

If a function of two independent variables ho represented by the 
height of a surface with the two variables as horizontal co-ordinates, 
then any plane vertical section will give a curve which will rise to 
maximum height or fall to minimum height where the partial first 
gradient is zero, and the partial second gradient is not zero. If 
two such sections cross each other at a surface point where the 
partial first gradients are zero in both sections, then the surface is 
level throughout a small extent all round the intersection point. 
There are six cases to be distinguished. 

(1) The partial second gradient is positive in both sections ; then 

the point is at the bottom of a hollow in the surface, all 
neighbouring points being higher, so that the value of 
the function represented by the height is here a minimum. 

(2) The partial second gradients in the two sections are both 

negative, then the point is at the top of a convexity or 
globular part of the surface, all neighbouring points being 
lower ; so that the value of the height function is here a 
maximum. 

(3) The one partial second gradient is positive, while the other 

is negative. Here the surface is anticlinal, or saddle- 
shaped ; it is hollow in one direction, and round in the 
other. This gives neither minimum nor maximum value 
to the height function. 

(4) The one partial second gradient is positive, while the other 

is zero, passing from positive to negative. Here the 
part of the surface is the junction between a hollow 
portion lying on one side of a vortical plane and an 
anticlinal portion lying on the other side of the same; 
and the height function is again at neither maximum nor 
minimum value. 

(5) The one may he negative, while, as in (4), the other is zero. 

* Also many other problems dealing with modern conditions are solved in 
Chap. Ill , on “Economic Deductions liom Statistics and Technical Condi- 
tions,” in the author’s Electric Traction , published 1905. 
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There is here indicated the junction between a round 
portion and an anticlinal portion ; and again neither 
maximum nor minimum occurs here. 

(6) Again both may be zero. Here two semi-anticlinal surfaces 
join together, and the point gives neither maximum nor 
minimum. 

The first two cases alone are important as regards finding maxi- 
mum and minimum values. Tn these cases both first gradients are 
zero, and the second gradients are of the same sign. To find the 
maximum or minimum values of a function of two independent 
variables, the process is to equate the two partial first gradients 
to zero, and combine these two equations as simultaneous ones. 
Afterwards the second gradients should hi* examined as to sign if 
the physical character of the problem is not so plain as to make 
this unnecessary. 

191. Most Economic Location of Junction of Three Branch 
Bailways. — As an illustration of this process, take an elementary 
problem in the theory of railway location. Three centres of traffic 
are supposed situated in a plain across winch the construction of 
tho railway is equally easy in all directions. The three centres 
are to be joined by three branch lines radiating from a junction, 
the finding of the best position for which junction is the problem 
proposed. The traffic issuing from and entering each centre is 
the sum of the two traffics between it and the other two (inclusive 
possibly of traffic going through these to more distant points). 
The importance of the three traffics to and from the three centres 
being properly measured, and being here symbolised by A, B, and 
C \ and the distances of the three centres from the junction being 
called a, />, c; the correct solution of this problem means the 
location of the junction so as to give a minimum value to 

Aa + B b + Cc 

A, B, C being given, while a, h } c are to be found. 

.Referring to the notation of fig. 29, in which the distance 
between the points of tralllc A and C is called L, and the projec- 
tion on L of the distance between the points of traffic A and 1> is 
called A, while the projection of the same perpendicular to L is 
called 11 ; the problem may be conveniently stated to be to find 
the co-ordinates L and h of the best junction. 

We have with this notation 

a = {/ 2 + A 2 } 4 // = { (A - If + (H - hff r * [ (L - If +■ // 2 }i. 

The two partial l and h gradients of (Aa 4- B h -h Cc) are taken ; 
thus 
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Fig. 29. 

Therefore equating both partial gradients to zero, we obtain the 
simultaneous equations 

A cos a - B cos (3 •+ C cos y — 0 ) 

A sin a - B sin f3 4- C sin y = 0 f * 

Eliminating the terms in B by cross-multiplication, and again 
similarly eliminating the terms in C, there are obtained the two 
ratios 

A_sin(y- f3) _sm (180° + /? - y) 

C “ sin ^~ a ) “ ffln"(T80°T^’ /?) 

and 

A _ sin (y - (3) __ sin (180° 4- /3 - y) 

B sin (y - a) sin (y - a) 

By reference to the figure it will be seen that the three angles 
entering into these ratios, namely, (180° + /? - y), (180° + a-/?), 
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and (y - a), are the three angles between h and c, a and b, e and a. 
Since the sides of a triangle are proportional to the sines of the 
opposite angles, it follows immediately that these three angles 

be, ah, and ra, to which the three branches are to be adjusted, are 
the exterior angles of a triangle whose sides are made equal (to 
any convenient scale) to A, C, and B. By constructing this 
triangle these angles can be found, and by drawing upon two of 
the lines joining two pairs of centres of traffic two arcs of circles 
Containing these angles, the proper junction is located as tlio inter- 
section of these arcs. 

This result may be perceived more directly by noticing that the 
two partial gradients to be equated to zero are, one tlio sum of the 
projections on L, and the other the sum of the projections on II, 
of A, B, C, measured along the lines a, b, c , outwards from the 
junction. Other maximum problems of technical interest are 
solved in Appendices 1., K., L. 


CHAPTER X. 

INTEGRATION OF DIFFERENTIAL EQUATIONS. 

192. Explicit and Implicit Relations between Gradients and 
Variables. — The utility of the art of integration arises from the 
fact that in the investigation of phenomena it often happens that 
the discovery of the ratio between simultaneous increments (or 
gradient) of mutually related quantities is effected more easily by 
direct observation than is the discovery of the main complete 
relation between these same quantities. This complete relation is 
then logically deduced by the help of integration, combined with 
the further observation of special or “ limiting ” values. The 
complete relation being less general than the differential relation, 
there appears in it an “ arbitrary constant ” whose value is not 
given by the differential relation, and which value must be dis- 
covered by examination of the “limiting conditions.” The 
differential relation applies equally well to a whole “family” of 
integral relations which differ among themselves in respect of 
these limiting conditions. 

If, when the differential relation is expressed as an equation, the 
gradient can be placed alone on one side of the equation, while on 
the other appears a function of one only of the mutually dependent 
variables ; then, in order to establish the integral relation, nothing 
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in or o has to be done than to integrate this latter function directly 
according to one or other of the methods explained in previous 
chapters, or given in the appended Classified Reference List of 
Infnjraftt. This is the case of the gradient being expressed as an 
explicit function of one of the variables. 

If, however, the differential equation involve the gradient and 
both variables m such a way that the above simple separation does 
not appear ; that is, if the gradient appear as an implicit function 
of the variables ; then either the implicitness of the relation must 
he got rid of by some algebraic process, or else a special method 
of integration must be employed. This process is called the 
“ solution” of the differential equation. 

193. Degree and Order of an Equation. Nomenclature.— An 
ordinary algebraic equation is said to be of the n th power or degree 
when it involves the n th power of the “ unknown ” quantity or of 
either of the “variables.” In a differential equation, the gradients 
being the quantities to be got rid of by integration, the equation is 
said to be of the n th degree when the n th power of the highest 
occurring gradient is involved in it. 

If it involve a second gradient it is said to bo of the 

second order. If it involve an n ih gradient, it is said to be of the 
n th order. 

The integral relation deduced from the differential equation may 
be called the integral equation, but is also called the primitive 
equation. 

In what follows X' will mean ~ • 

dx 






jmi 

- dX' • 


194. X '=/(»•). 

Tho form of differential equation simplest to integrate is tlie 
explicit relation, 

X' -/(•<•) 

where /(.r) is a function involving the variable x alone, and not X. 
This is equivalent to 

dX =f(x)dx 

and if /( ) is integrablo by help of any of the formulas in the 
Reference List, the integration can be elfected at once ; thus : — 

X- f f{x)dx + C 

where C is the constant of integration. 
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195. X'=/(X). 


Again, if 


X'=/(X) 

where /(X) involves X only and not x, then 

./X 


/(X) 


■dx 


1 


and direct integration of if it he possible by one of the formulas 
in the Reference List, gives the integral relation between X and x 


(flX 

i./(X) = -' +c ' 


X 


/./(X) 

As an example, if f(X) ^ X . then log, X — ./* + C. 

As another example, if /(X) = sinX, then log, tan ^ =.r + C. 
196. X' -=/(.r)F(X) 

Again, if the differential relation be found in the form 
X'~f(x)Y(X) 

where /(.r) is a Innction involving x and not X, 
while F(X) „ „ X „ x; 

JV 

=r j\x)dx 


then 

(IX 


TO 

and 

[ dX 


h'(x)~ 


which gives the integral solution if both these integrals can be 
found directly. 

As an example, take 

X' = cos x sin X ; 

then 

log e tan = sin x + C . 


The case of § 195 is only a special case of the more general 
method of the present article, namely, the case in which f(x) = 1 ; 
while that of § 194 is the other special case in which F(X) = 1. 

In all these cases X' has been found as a function of x and X 
in a form in which X', x , and X can be completely separated as 
distinct terms or factors in the equation. 
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197. tf-=/(X'). 

Suppose now that a certain function of the gradient X' is found 
to equal x : thus, 

*-/(X')* 

This (*quation may he ca]>ahlc of easy algebraic solution so as to 
give X' as an explicit function of x , thus, 


where ) means the function that is the inverse of /(). It 
must he noted that such a solution has in general more than one 
root. Thus, if y(X') he a quadratic rational function of X', there 
are two roots. This solution can iheii be dealt with by § 194; 
thus, 

X = o 


provided the function/' *() turns out to be directly mtcgrablo. 

This method, however, may he impracticable, or else may involve 
more labour than the following. 

Take the X-gradient of 

'=/(X') 


dx 1 

c/X“X # 




from which we deduce by transposition 

dx=xy'(x>zx' 

and 

x = Jx'f(xyrx'+c. 

Here |" X7''(X')i/X' is the same function -of X' as j'jf'(.r)i/x would 

he of x ; and if x/'(x) is directly integrahle by dx, the above can 
be directly found as a function of X'. Let this function he called 
<£(X'), and suppose it expressed in terms of X'. Then from the 
two simultaneous equations, of which the first is the original 
differential equation, 

/(X') l 
and X = <KX') + CJ 

X' can he eliminated so as to leave an equation involving only x 
and X. This is the integral solution of the given differential 
equation. 
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a? = sin X'. 
/'(X') = cos. X' 


As an example let 
Then 
and 

j X' cos X\/X' — X' sin X' + cos X* 
Therefore 


^*X' + (1 - s 2 )* - x sin V + (1 - x 2 )K 
X = x sin" 1 ^ + (1 - x 2 )^ + C . 


The same result is obtained by solving the given differential 
equation for X', viz., thus X' — sin" 1 /, and integrating directly 
from this. 

198. X=/(X'). 

If the implicit relation is found in the form 
X ~/(X') 


either the algebraic solution of this for X' may be 
the integration 

Srir x+G ’ 


obtained, whence 


or else a method similar to that of last paragraph may be followed. 
Thus, taking the x-gradient, 




whence 

W=say^(X') = J - + C 


this integration by dX' involving X' only, and giving some function 
of X', which is here symbolised by <£(X') . 

From the two simultaneous equations 


X=/(X')J 

and r 

x + C -0(X') I 

X' is to be eliminated by ordinary algebraic moans, leaving the 
integral equation involving only x and X. 

199. w?X-X\ i 

A particular case of the last is that of /(X') = “~X . Here 
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or 


X = X' = 
in 


1 <IX 
m dx 


dx~ 


1 ffX 

m X 


the integration of which gives directly 

hoR<CX). 


In fact, in this case the differential formula of S 198 reduces to 
that of § 195, and is the first of the two examples of the result of 
§ 1 95 given in that paragraph 
200. X-.r/(X'). 

A differential formula only slightly different from that of § 198, 
and to he dealt with in the same general manner, is 


X --= a/(X') . 


Taking the .r-gradients of both sides, 

X'=/(X') + r/'(X')'^’ 

from which 


and therefore 


/w 

X 7 ”-/(X') 


dX! = 


dx 

X 


fx' ,( ?(X'/ X ' = say = lo fi ^ • 

From the two simultaneous equations 

X — xf(X') 

and 

log(C.r)==<«X') 

X' is to be eliminated algebraically so as to leave the integral 
equation between x and X. 

201. X-wX'. 

A particular ease of the last formula, which is also at the same 
time a particular case of § 196, is 

/(X') = ?*X' 

or 

X = nxX‘ 

or 

dX^ldx 
X n x 
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whence by direct integration of each side 

i 

X = O n - 

202. X= ±.rX'+/(X'). 

If the dilferential equation be of the more involved form 
X^-rX' + flX'), 

by taking the .r-gradients on both sides, there is obtained, X' 
cancelling out from tlio two sides, 

0- {■ r +/'(X')}X". 

This equation has two solutions. The lirst is 

X" = 0 

whence 

X'-Cj and X — C,.r 4- C 2 

-<V +/(<),) 

since X = :rX' +J(X') and X'^-Cj. This is a partial integration 
of the given differential equation. 

The other solution is 

*+/'(X> 0 

From this and 

X = a>X'+/(X') 

treated as simultaneous equations, X' may be algebraically elimi- 
nated, leaving an equation giving X in terms of x either explicitly 
or implicitly. Let this equation bo symbolised by <£(.r,X) = 0. 
This <£(.r,X) = 0 is a second partial solution of the given differen- 
tial equation. 

The combination of these two partial solutions gives the complete 
solution in its most general form, winch, in application to whatever 
physical problem may be in hand, must be particularised by the 
insertion of the “ limiting conditions.” These limiting conditions 
sometimes exclude one of the “ partial ” solutions as impossible, 
leaving the other partial solution as the full true solution of the 
particular physical problem in hand. 

The solution of a more generalised form of this differential 
equation is given in § 210, the method of solution depending on 
that of § 208. 

A form differing from the last only in the sign of xX' is 
X+aX'=/(X'). 

Here X + xX! is the ^-gradient of xX. 
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Therefore, the integration gives 

and, if X" he expressible in terms of X' alone and the function 

he integrahle by ^X', this integration will give an equation 
A 

between x, X, and X', between which and the original equation, X' 
may he algebraically eliminated, leaving one involving only x and X. 

203. Homogeneous Rational Functions. — If the relation 
between x, X, and X' be found m the form 

(ax m + bS"~ *X + r.r-^X 2 + )X' - AS" + B/^X + C^“ 2 X 2 d 

where the (^,X) functions on the two sides are both “homo- 
geneous ” of the wi tu degree, that is, where each consists of a series 
of products of powers of x and X, the sum of the two indices in 
each term being m ; then by dividing each side by x‘\ this may he 

X 

converted into an equation in 

Call -=4f, or Xs*4f ; therefore X = X+x$. 

X 

Dividing by x w , the differential equation becomes 

+ + + ($ + x&) = A + 1L* + CJ 2 + - — . 


From this is easily deduced 


dx _ a 4- bM + c$ 2 + 

T~A + (B-a)3 + (C-//)$* + 


.rfj. 


The integral of the left side is log.r. Therefore, if that on the 
right is directly integrahle* to a function of M, say <£(.#)=<£ 
then the equation 

log^ + C = </>( 



gives the desired integral relation between x and X. 

A convenient shorthand symbol for such a homogeneous (x> X) - 
function of the m th degree is f(x m ~ r , X r ). The two such functions 


See Classified List, III. A. 19. 
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may be called t(x w ~ r , X r ) and X'). The given differential 

equation may then be written 

X r ) - X r ). 

Dividing/^"’, X 1 ) by x ru we obtain the same function of 1 and 
M as f(x nt ~ r i X. r ) is of .r and X. The quotient may, therefore, be 
written f( l m ~ r ,X r ), and similarly that of ¥(jr w ~', X') by x m may be 
written *F( l m “ r , X r ) . 

Tlie integral equation then appears as 

r _ 

log x + C= F(l ’" r , 4')_ * 

/(l'“ r ,"J’) 

204. Homogeneous Rational Functions. — The last form is a 
particular case of a more general one involving the first powor of 
X' only, and the ratio only of X to .r. Call this ratio X as in last 
article, so that as before X' = X + avX'. The present more general 
form of differential equation may be written 

X'=/(J)-4f + jr4 f 

where /( ) indicates any form of function. 

Therefore 

S J(X!)-X 

X 

or 

dx __ dX 

T~f(X) JT 

The integral solution of this, namely, 

k *‘ + °-f-Asfa 

gives x in terms of X~ - , and tlierefore gives X also in terms of x. 

205. X = a/(X'). 

A form of differential equation of cognate inverse character is 
that solved m § 200, namely, 

X-ag/pO 

or 

-*=/(X') whereof = - . 

One solution of this is given in § 200. Otherwise, it may possibly 
be more easily solved algebraically so as to give X' explicitly in 
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terms of 4f. Lot /~'( ) do, note tlie inverse' rtf the function /( ) 
Then this algebraic solution would appear as 

x' -/■■(-£) 

of which, according to last article, the integral solution is 

log-c + C = 

206. X' = (A./ 1 + T!X + C) 4- (ax + bX + r). 

A differential equation bearing a resemblance to that of S 203 is 
(as -f- bX + c)X' = A 4 - 1»X -f C . 

If the two constants r and C did not appear, then by dividing by 
./*, each (x,X) function would be converted into one involving the 
ratio only of the two variables. I hit r and C can he got rul of by 
shifting par.dlelly the axes of co-ordinates from which ./* and X are 
measured, which change does not affect X'. Tf x and X he the 
new co-ordinates, then it is easily shown that the axes must be 
sin f ted so as to make 


x = x - 


J> -M3 
Ah - a\S 


and X = X 


Co - <A 
Ab-aW' 


<1~\. dX. 

Then, since ^ - -- — X', by dividing out by x, there results an 
tfx (lx 

equation of the form dealt with in $ 203. 

207. Particular case, 1) =■ - a. 

If in the equation of last article B = -a, then the two terms 
with the common factor a combine to make the com] date increment 
of xX. Thus the equation then reduces to 

(bX + r)dX + «(X(is + xdX) « (Ax + C )dx 

the integration of which gives 

A/,X 2 + cX + asX - J A^ 2 - O + K - 0 

in which K stands for the integration constant. 

208. X' + XJf'-E. 

Let & and 3 he given functions of x, of which is a function 
wiioso integral by <ix can he directly found, namely Tiien, if 
the differential equation between X, X', and ./* he found to be 

X' + X4' = S; 
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this can be solved by the device of multiplying by what is called 
mi “ integrating factor,” which meant, a factor which converts both 
sidos of the equation into directly integral >le functions. The factor 
which does this in the present case is />-*, where JX is the integral 
of the given function X' and c is the base of the natural logarithmic 
system. Since the ^-gradient of r* is p* 3?', that of Xc* is XV 1 + 
XJfV-*. Therefore, multiplying both sides of the differential 
equation hy p* and integrating, there is obtained the integral 
equation 

Xr-r- j Ee%+C. 

This formula is of ])ractical use only when £e* is a function which 
can be integrated either directly or by help of some transformation. 

209. X' + XX-X'E. 

This process may he followed in solving the differential equation 

X' + X$'=- X"E 


because X n E is a function of ./• and may he inserted in place of 
E in the above solution. Another solution, however, is obtained 
hy dividing each side hy X'' and multiplying hy the integrating 
factor (1 - u)t {1 The ^-gradient of XV s * is 

(rX' + sX„r)X'-V* 

so that, taking .v — i , the ./-gradient of XV' 1 is (X' +- X . rp T *. 

The first, factor liere is identical with the left-hand side of the 
differential equation of this article when each side is divided by 
X" if r— 1 -7L Therefore the integration gives 

Xii-») e (i-*»i = (i -„) J H .- 11 + 

Provided Ee (1_, ' ,a: he integral >le, this formula will be of practical 
use. 

210. X == xF(X') +/(X'). 

The following equation is generalised from that of $} 202 hy 
inserting the general function F(X') of the [/-gradient of X, in 
place of the special simple function X'. 

X = /F(X') +/(X') . 


Taking the ^-gradient of each side, 

X' = F(X') + {.rF(X')+/'(X')}^'. 


Transposing this, 

dx 


F(X') 


/'(X') 
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This is of the same form as that of $ 208 with the substitutions 

x in place of X 
X ,, ,, x 

F'(X') 

~ X' - E(X') *’ ” ” * 

and 

JVt') „ 

X'-F(X') ” ” ” 

Therefore, if we use the shorthand symbol 

so that X is a function of X' only ; and further use 


S for 


m 

x'-E(xy 


another function of X' only ; the integration gives 

xe*= f EpMT + G, 

which, if Er* be directly mtegrahle by X', gives an algebraic 
equation between x and X'. Combining this with the original 
equation as simultaneous, the algebraic elimination of X' gives the 
desired integral equation involving only x and X. 

211 General Equation of 1st Order of any Degree. —The pre- 
ceding differential equations contain X' in the first power only. 
The general equation of the first order and of any degree may be 
expressed thus : — 

X'* + Mn- 1 X' W " 1 + X_ 2 X /n -- 2 + — - + JfcX' + X 0 = 0 

where X n -i, - - - Xq are n different functions involving both 
x and X, and n is the degree of the equation. If possible this 
should first be solved for X' algebraically in terms of x and X. 
There will be n solutions giving n values of X' which may be 

symbolised by X' n> X' n _ lt X'* X' lt each of these values of X' 

being expressed in terms of x and X. This reduces the above 
equation of the n th degree to an equivalent series of n linear or 
first-degree equations ; for instance the first of this series is 

X'~X'„ = 0 
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where X' n is a function, supposed now to be known, of x and X. 
Integrate each such linear equation if possible, by one of the 
methods already given. Let the integral solutions be here 
symbolised by 

<j> n (x, X, C) = 0 ; cfrn-iix, X, C) = 0 ; etc., etc. 

Then the general solution, that is, the equation which includes all 
these various solutions, is either 

’ X, C) • ^(r, X, C) &(r, X, C) * X, C) - 0 

or some other algebraically legitimate combination of these 
solutions. 

212. Quadratic Equation of First Order. — Applying the result 
of last article to the equation of the second degree, namely, 

X' 2 + X'4 + E = 0. 

The algebraic solution of this for X' in terms of X and H is 

x'= 

The two integral solutions are, therefore, 

X + §Jjc<*-|JvJ^4S/.rfC = 0 j 

and 

X + jWXiWjr + C = 0 . 

As an easy example, take the differential equation 

X' 2 + X' sin x - - ^ — 0 . 

4 


Therefore, JX‘ 
tions are 

and 


4H — Jsltfx -h cos 2 a; = 1 ; and the two integral sol u- 
X = J(cos x — or) -\-C J 
X = J(cos x + x) + C . ) 


213. Equation of Second Order with One Variable Absent. — 
In differential equations of the second order with only one 
independent variable, there may appear powers, trigonometrical, or 
any other kind of functions of all the four quantities 


X", X', X and x % 
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Now X ,# may be expressed in terms of X ; and either a; or X by 
means of the substitutions 


X"s 


dX! 

dx 


(a) 


, dX' 
dX 


(i). 


Therefore, if in any second-order differential equation X does not 
appear, it may bo transformed by help of the substitution (a) so as 
to make X" also disappear, leaving only 

dX ' v , , 
dx 


This is an equation of the first order between X' and x, and may 
be solved by methods already explained so as to give X' as a 


function of x (is., so as to eliminate • This again is a first- 

order equation between X and x , and by a second similar solution 
we may pass to the integral equation between X and x. 

On the other hand, if x does not appear in any second-order 
equation, it may be reduced by the substitution (/>), so that it will 
involve only 


dX' 

dX 


X' and X . 


This is an equation of the first order again between X' and X, 
whose solution gives an equation between X' and X not involving 


dX' 

dX ; 


and from this again by a second integration, the desired 


integral relation between X and x may result.* 

214. Second Order Linear Equation.-^-The linear, or 1st degree, 
equation of the second order appears in a very general form as 


X" + X'f(x) + XF(a*) = 4>(x ) , 


where/, F and are any forms of function. 

Provided this equation can be solved when <£(#) = 0 ; then also, 
when <j>(x) is any function, it may be reduced to an equation of 
the 1st order. Thus, let H be a function of x which would be a 
solution if were zero ; that is, let 


E" + H/(ar) + %F(x) = 0. 

* See Reference List, XI. C. 5. 
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Give the name to the ratio of X, the true solution of the given 
equation, to S ; that is, let 

X = JE; 

Then 

X'«4rs+3B' 

and 

x'^rs+s^rH'+j'S". 

Therefore, inserting tliese substitutions in the original equation, it 
becomes 

+ $'{&' + s/(^)} + jt{H" + h;a>) + ar(.r)} - <*>(*) . 

But the bracketed factor of the third term is zero; so that the 
transformed equation becomes 

TB + X'{2B' + U/(-r)} = <!>(. r). 

The supposition is that S has been found ; from which S' can also 
be found in teams of x. This last form of the equation therefore 
contains only known functions of x besides JT' and M'. Now Jf" 
is the first .t -gradient of -X' ; and this is therefore a 1st order 
linear equation as between Ji' and ./* Thus, if any of the already 
explained, or any other, method of integrating 1st order linear 
equations be applicable, then can be found as an explicit or 
implicit function of ./*, thus giving another 1st order equation 
between and .r. By a second integration by one of these same 
methods, 3t! may then bo found as a function of x; and finally 
X = JfS can he obtained as the desired solution.* 

215. X" + aX' + AX = 0. 

The equation determining S in § 214 is soluble or not aecording 
to the particular forms of the functions /( ) and F ( ) : at any rate 
no reduction of the equation has yet been discovered showing, 
independently of the forms of /( ) and F( ), how if may he solved. 

One simple ease is that in which tliese functions are both 
constants. Let f(x)=a and Y(x)=zb, a and h being both con- 
stants. The equation is then, using X instead of S, 

X" + aX' + /,X-=0. 

Using the substitution (b) of § 213, this becomes 

(•+«>+«-»• 

This may be written 


See Reference List, XI. C. 7, 
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,l\' 

VlX 



which is soluble hy the method of § 204 ; or it may he written 


A “ (IX' 

a+ (IX 

which is soluble hy § 200. # . 

By either method the solution is obtained which is printed m 
the Classified Reference List , at XI. C. 

216. X" + aX' + bX = <£(»'). 

In this simple case of f(x) — a and F(aj) = &, the more general 
equation of § 214 becomes 

X" + aX' + 7/X = <j>(x) ; 


and its reduced form, when divided out by a, becomes 
$"+$'{ 2| +« } =^|-. 


By § 215 both S and H' are known functions of x ; and, therefore, 
this equation is of the form given in § 208, and^can be integrated 

so as to give jjT, provided the function j 2 ^ + a | can be in- 
tegrated by dx. This is integrable because it is found that 


2^- = — a + J a 2 - 4:1) -! -• , B -zva* 4& 

a V + x* 


-T^r-\ 
1 -f- j 

B j 


- when a 2 > 4 b 


r^tan { ^ib^ + C' } when o?<46* 


-a- Jib - a 1 tan ^ ^ 


5517. X} n, = f{x). \ 

If the n* ^gradient of X bo called X (/t) , and the process of 
repeating the integration of a function n times be symbolised by 

( ln) ; then, if the differential equation of the n th order be 

' X< n >=f(x) 

it has already been shown in § 154 that the integral equation 
between X and x is 

X = j %)dx» + C,.,*"- 1 + C n „ 0 n - 3 + - — + C t x + c 0 .t 

* See Eeferenoe last, XI. C. 6 and 3. t See Reference List, XI. D 3. 
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218. X tn) =/(X) : X (ft) = £X. 

If the equation of the n th order be 

X (H) =/(X) 

it is integrable only in particular cases. Thus in § 153 is given 
the case 

X fn > = £X 

where k is any number + or - . Let b be any number, and let 
T be the “modulus” of the system of logarithms of which the 
base is b. Take ft = Tk l ' n . Then a solution of the above equation is 

X = or log & X - fix . 

If b be taken equal to e, the base of natural logarithms, then T — 1, 
and the solution is 

log, X = & 1 / V . 

If decimal logarithms be used, or b- 10 ; then T = *434, and 
log, (J X — *434A^V . 

Again in 153 it is shown that if n be an even number, and if 
X<”>-(- l)”^/rX 
then an integral solution is 

X =- A sin k^ n x + B cos k^ n x 
where A and B are constants of integration.* 

219. X"-/*(X). 

When n = 2, this equation becomes 
X'W(X). 

A general rule indejiondent of the form of /( ) has been found for 
dealing with this second-order equation. Multiply each side by 
2X'. Then since 2X'X" is the ^-gradient of X' 2 , and since X!dx — 
<fX, there results , 

X' = {2 j/(X)(/X + A} 4 ; 

from which, by another integration, 

r> r <ix 

a: + B=. j , 

J {2 J /(X)f?X + A}* .f 

* The 1 /n th root of Jc has n values. The insertion of these gives the n 
integration-constants ol this w-th order equation. 

+ See Reference List, XI. C. 5. 
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As examples, the results of §§ 148 and 149 may be reproduced ; 
but these are included m the more general formulas of last article, 
§218. 

220 . 

Jf X (n) be found as a function of ; Mien, since the ^-gradient 

of is if we call X ,H ~ J> by the name JE, the equation may 

be written 


the integration of which by dx gives 


■ + C-~ 


fd* 

lx*)' 


tli at. is, gives X (7? 3) as a function of x , a case which has been 
already dealt witli in § 217.* 

221. If X (n) be found as a function of X (n ~ 2) ; then, calling X tn-2) 
by tlie name Jf, we have X (w, = Jf", and the equation becomes 


tlie integration of 'which, by § 219, gives X as a function of a*, 
and this reduces tlie integration to tlie case of § 217- 1 

More general forms of equation, to which these last substitutions 
are equally applicable, are given in the Section XI 14. of the 
Reference Tables. 

222. If /( ) and <£( ) lie two functions of any form whatever, 
and if 


the second gradients of X with respect to x and y may easily be 
found to be _ )V 

CPX 


1 y\l ,„( v\ 

,/ r ;= V [ x + r) + ?* {*-;■)• 


Therefore, if the second-order differential equation 

d 2 X_ jfX* 

dx 2 ~ C di) 2 

be known to be true, its general integral solution is X = the 
above form, and the particular forms of tlie functions /( ) and <£( ) 
must be discovered from the limiting conditions of the particular 
concrete case. 

* See Reference List, XI. D. 1. 


t See Reference List, XL D 2. 
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Appendix A. — Time-Rates. 

(End of Chap. II , p. 28.) 

The Differential and Integral Calculus was first studied as ail 
exact method of analysis of physical phenomena occurring in time, 
chiefly kinetic phenomena. The changes of observed physical 
condition occur from instant to instant, and an “ instant ,” or small 
lapse of time, was taken as the common measure by which to 
compare simultaneous! // occurring changes of various kinds. Thus 
time was taken as the base ordinate of the diagrams winch graphi- 
cally describe such changes. The flow of a fluid along a channel 
is the simplest possible illustration of such change or progress, 
and all phenomena were thought of as developing in the flow, or 
jfux , of time, the universal basic increment being a small flux of 
time. Thus the early name given to the then new method of 
analysis was “Fluxions.” Unless it were otherwise specified, x or 
x was understood to mean the time-rate at which x increased, and 
the relative rates of increase of various kinds of quantities were 
always obtained by comparing their respective simultaneous time- 
rates of progress or development. So long as investigation deals 
with things which “ take time ” to develop or change in magnitude, 
it will be found that this original method corresponds with our 
innate and almost ineradicable mental habit. The corresponding 
increments of such things we can hardly avoid thinking of as those 
which are developed %n the same time . 


Appendix B. — Energy-Flux. 

(End of §68, p. 33, Chap. III.) 

Energy manifests itself to our means of observation and measure- 
ment in various forms, such as kinetic, electric, thermal, luminous 
(light), sonorous (sound), gravity potential, electro-magnetic 
potential, radiant, etc. These are reciprocally convertible, and 
are, therefore, all measurable in like “physical dimensions,” 
namely, MV 2 or ML 2 T“ 2 . As energy is, or is believed to be, 
indestructible, the variations it is subject to are (1) change of 
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form ; (2) transference from one mass to another mass ; and (3) 
transference from one place to another place. 

The time-rate of transference of energy is horse-power ; a special 
unit time-rate being adopted as unit horse-power. Unfortunately, 
many unit time-rates of energy-variation are in use ; hut they are 
all, of course, of the same kmd, namely, horse-power. In terms of 
mass and velocity the measure of energy is E — £MV 2 . The time- 
gradient of E in a constant mass M, due to variation of velocity Y 

in that mass, is, therefore, = VM-^ = V*F, where F is the time- 
dt fit 

acceleration of momentum, or the force active in the transference 
of energy. It may also sometimes he usefully thought of as the 
product of the momentum and the velocity acceleration. 

The space-rate or line-gradient of E with M constant is 


dt dl 


: MV? 7 . ? = M ~ = F, because V = 
dt dl dt 


dl 
dt ' 


Thus the two important energy-gradients are the time-gradient or 
horse-power, and the line-gradient or active dynamic force ; and 
the former equals the latter multiplied by the velocity. 

It is also interesting to consider the time-gradient of E with 
both M and Y varying together. When a mass receives new 
energy from without, it absorbs it usually (and perhaps always) at 
its surface, and the new energy spreads through the mass with 
more or less rapidity or slowness. New impulses of kinetic energy 
by impact or pressure of other masses always enter and penetrate 
the accelerated mass in this way. In such case the time-gradient, 
or horse-power generating kinetic energy in the mass, is 

f - vr + . v(f + j V™) . j { + v'Mp } . 

Here is the time-rate at which new mass is affected by the 
dt 

kinetic energy, and (MY) is the whole momentum acquired at any 
instant. 


Appendix C. — Moments of Inertia and Bending Moments. 
(End of§ 73, p. 37, Chap. III.) 

The integral j hh 2 dh over the whole section is called the 
“Moment of Inertia” of the section. For an I -section with 
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equal flanges and web of uniform thickness, if B be the flange 
width, ( 1 -/ 3 )B the web thickness, H the whole depth, and 
17H the depth inside the flanges ; then the 

I = Moment of Inertia = ?~(1 - /SS? 3 ), and the 

1 Jj 


TVR2 

M = Stress Bending Moment = k~— (1 - firf). 

6 

^The sectional area is A=BH(1 - /3rj) y and therefore the stress 
bending-moment strength per square inch of section 

^ M^H 1-/V 
A 6 l-'ptf' 

Girder-sections are mostly made up of rectangular parts, and the 
repeated application of the method here given is usually sufficient 
for the calculation of their moment strength. In making such 
calculations, free use should be made of negative rectangular areas 
as parts of the section. 


Appendix P. — Elimination of Small Remainders. 


(End of Chap. Ill , p. 45.) 

In previous examples given, the device of taking the point ar,X 
at the middle of 8 x and assuming this to correspond also to the 
middle of 8X, that is, assuming linear proportionality between 
SX and 8 %, has resulted in the exact elimination of all small 
X 

remainders. The case of — is a useful illustration of the fact 

x 

that such exact elimination does not always result from this 
device. In this case the result is 






xXj-X 

- \8x 2 


• 8x 9 


the small quantity J&e 2 not being eliminated and only disappearing 
“ in the limit.” 

The student should satisfy himself that the same result appears 
from the geometrical method followed in the text, with fig. 18 
modified so as to put x and X in the centres of 8 x and 8X. 
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Appendix E. — Indkutor Diagrams. 

(End of § 111, p. 65, Chap. V ) 

An ‘‘indicator diagram” is any instrumental graphic record of 
a varying quantity. The law po n — k, a constant, applies approxi- 
mately to very many such records when the variation is not of an 
elastic vibratory kind. The p and the v instrumental ly observed 
and recorded may not be the totals measured from absolute zero of 
the quantities thus symbolised. For instance, p may be pressure 
measured from atmospheric standard, or it may be temperature 



measured from the freezing-point of water. Again, o may be the 
volume swept by a piston from the beginning of its stroke, while 
the real volume of expanding steam or gas is v plus the 
“clearance” volume. The law connecting the absolute values 
of p and v may be much simpler than appears at first sight from 
the indicator record. To determine whether it is so,«the axes of 
the absolute zeros must be discovered, making the ordinates 
measured from these zeros (p + P) and (p + V). The constants 
P and Y may be found by analysis of the recorded curve. 

If it be suspected that the curve is hyperbolic with V = 0, then 
P may be found by measuring from the record p and v at two 
points 1 and 2 ; thus, 
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If the same value of P be found from several such pairs of point*?, 
then the curve is truly hyperbolic. Similarly, V can he found on 
the assumption that P = O. Also by measurements at three points, 
both P and Y along with k can be calculated. Fig. 30 shows 
the very simple graphic construction for finding the origin of 
the hyperbolic axes. From three points ABC on the curve hori- 
zontals and verticals are drawn, giving six intersections, marked 
as shown on fig. 30; namely, ( a/3 ) the intersection of the horizontal 
through A with the vertical through B, (ah) that of the vertical 
at A with the horizontal at B, etc., etc. The pairs of points are 
joined by straight lines: (a/3) with (ah); (fty) with (be ) ; (ay) 
with (ae). Any two of these three lines will intersect in the 
hyperbolic origin O. There are three such intersections, and their 
coincidence is a useful check upon the accuracy of the draughts- 
manship. But to test whether the curve be truly hyperbolic, 
more than three curve-points must be used : they must all give the 
same origin () 

To find the index n in the formula pv n — L to fit the curve of 
any given indicator card, there are four methods. The first, most 

commonly used, is the logarithmic method n~ V - 2 ^ ; 1 . The 

log Pi- log A> 


second is the differential method, which gives n— - 


v dp 
p dv 


the 


slope of the curve, or 


dp 
dv ’ 


being measured directly from the paper. 


The third method utilises the variation of pv ; it is n = 1 - - . 

p dv 

In the hyperbola 0; and in any other curve its deviation 

from zero gives a good measure of the index n. The fourth method 
may be called the integral method. Since the area under the 

curve W — l!l!h therefore n— l +^— l -— T — 2 -2 . The area W 

n - 1 W 

can be measured from the diagram by a planimeter or other- 
wise, and this method has the great merit of deducing the 
result, not from isolated points on the curve alone, but from 
the curve as a whole in its stretch between two distant points 
1 and 2. 

The generality of the formula, and its power to represent 
accurately recorded physical results, is very greatly extended by 
shifting the axes by adding constants P and Y, the formula being 
then (p 4- P)(«? + Y) w = k. The measurement of p and v at four 
points of the curve, and the planimeter integration of the area 
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W= j pr/v between these points, are sufficient to determine the 

four constants k, n , P, and Y. The three areas under the three 
stretches of the curve between the four points being called W 12 , 
W 23 , and W 34 , the constants n , P, and Y are obtained by elimina- 
tion from the three linear equations — 

W 12 (» - l)=/y; a -Jh v 2 + (lh ~P. 's) V - Vn ( n i - v l)< 

W J3 (m - 1 ) = i>jk 2 -2 > a )' 3 + (/>■■ -pjV - Pw(»’ s - v t ), 

W 34 (w - 1) =iV ; 3 -Pl r 4 + (Pi “ibW - r,t ( y 4 - y 3>- 

These are solved for (re - 1), V, and P«, from which n, V, and P 
are obtained. Then the fourth constant is obtained by the pnmi- 
tive equation 

k = (p + V)(v + V)» 

taking any pair of values p and r. 

With the four constants thus found, the formula will give a 
curve which will pass correctly through the four points, and will 
give also correctly the area under the stretch of curve between 
each pair of points. 

When n = 0, the curve is a horizontal straight line, giving 
constant p. When n is negative it slopes upwards, p increasing 
with v. 

In this extended form this formula is well suited to represent 
all systematic expansions of gases and vapours under various 
thermal conditions, the stress-strain relations of elastic and 
inelastic solids, the strain-time diagram of the slow deformation 
of plastic substances, and, under certain conditions, also the 
leakage of high-pressure water, gas, vapour, or electric charge from 
storage vessels, batteries, condensers, etc., and the laws connecting 
velocity with wind-pressure and with viscous fluid resistance to 
flow. 

ArPENDix F. — Recurrent Harmonic and Exponential 
Functions. 

(End of§ 153, p. 89, Chap. VII.) 

The combination of these two cases gives the following interest- 
ing much more general result. 

Let A, B, C, b , f3, a, p, q , h lie constants, and let the primitive 
function be 

X = C 4 - *‘ a { A sin ( px + q) + B cos {px + lc)}. 
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Let p 2 = (/? log b) 2 + p 2 and 0 = tan -1 - , 
v p Jog « 

so that sin 0 = and cos 0 = ° n - , 

P P 

Then direct differentiation and the ordinary trigonometric com- 
binations 

sin <f> cos 0 + cos <\> sin 6 = sin ($ + 0) 
cos cos 0 - sin c/> sin 0 = cos (<£ + 0), 

give 

X' = pbP x+a { A sin (px + </ + 0) + B cos + A; + 0)} 

X" = p 2 b? x + a { A sin (px + g + 20) -I- B cos (px + k + 20)} 

X (M, = p n 6^ e+a { A sin (/xr + g + w0) + B cos (yxc + & + ?i0)}. 


The only restriction among the constants is that the constant p 
is the same in the two harmonic functions. If x measures time, 
the equality of the two p’s means that the two superimposed 
vibrations have equal periods or frequencies. Their difference in 
phase is ( k-q ), and this is unrestricted. In all the successive 
x- or time-gradients, the phase-difference, as well as the frequency, 
remains the same in the two superimposed harmonics. In each 
gradient the frequency is the same as in the primitive. The 
phase-difference between each gradient and the next lower gradient 

is 0 = tan“ 1 - --- — The factor bP x + a represents the damping 

P log b 

down of the vibration, as its energy is gradually reduced by viscous 
or similar dissipative resistances. Tlie amplitudes of the succes- 
sively higher gradients are successively less in the ratio p. This 

ratio p depends equally upon the frequency ^the period •= and 

upon the vigour of the damping coefficient b& or /3 log b. 

This proposition can evidently be extended to the super- 
position of any number of harmonic vibrations of different 
amplitudes A, B, etc., and of different phases, so long as the 
frequency is the same in all and so long as the same damping 
coefficient applies to all. It is of the highest practical im- 
portance in modern electrical industry. See also Appendix Q, 
page 184. 
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Appendix G — Successive Reduction Formula. 

(End of § 156, p. 91, Chap. VII.) 

The “ reduction formula” of § 126 may be applied repeatedly. 
Such application is represented by the general formula below. 
The repeated application in concrete special cases is, however, 
simpler to appreciate than is the general result. 


Let X and 3 be any functions of .r. 

Let I) be the m th ^-gradient of X = X (m K 

f(m) 

Let 1 be the ?n n ' integial of E= j EiW 1 , 
r run* n 

Then I)' = X (w+1) and / l<lx - / 3 

Now J I ) h/z = D jblx - Jl Y | f JtL r j- tlx, 

r f{>n) r nifi-t 1) 

or 1 X (m) / 3 fto" +1 - X ( ' u) / 1 - I X‘ #tt M) / 3 

Applying this repeatedly, 


fx’St/x = x Jsdx - J x’J'i a 'if- -xjatix-x' f%u- + [ x" j%<i^ 

r m m nv 

= X &tx-X' 3 ds 2 + X" / Hrtr 3 -X"' £<tx 4 + - - - 

± X (/, “ J) / &7x w + / X ( ”> / 3r7y ,,+1) . * 

By this means the function X and its derivatives are brought 
outside the sign of integration except 'in the last term. By 
carrying the series to the proper number ( n ) of terms, in the 
last term X (/,) , or the n th ^-gradient of X, may be reduced to 1 or 
to a constant, or to some simple function of x which combines 
with the n th integral of 3 to form an integrable function. This 
last term may also be transformed to 

j</x, 

in which form it may possibly be more easily integrable. 

* See Reference List, I. 8, 
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Appendix H. — Economic Proportions op I-Skctions. 


(End of § 185, p. 110, Chap. IX.) 


The economic values of ~ for given w , according to the equation 
in the text, are as follows : — 

w 0 *018 *049 T01 *185 *315 -513 *815 1 

^ 1 -9 -85 -8 -75 7 65 -6 '5773 

In two articles in the Builder*' Journal and Architectural 
Engineer of 15th August 1906, and in The Engineer of 9th 
November 190G, the author has shown that the proper propor- 
tioning of I-sections depends on the consideration of the maximum 
tensive, compressive, and shear stresses on oblique sections, which 
vary very differently from those on normal sections. If the web 
be made too thm, the maximum oblique tensive and compressive 
stresses at junction of web and flange are greater than at the out- 
side surfaces of the flanges. W lth proper proportioning of the web 
and flange thicknesses to the flange width and the total depth, the 
maximum oblique shear sticss may be made uniform throughout 
the depth of the web, while at the same time the tensive and 
compressive stresses on oblique sections inside the flanges are made 
equal to those at the outside surfaces of the flanges. 

Using 8 for ^ and (1 ~ ft) for the above w 9 it is shown that 
uniformity of shear stress over the web is obtained by making 


_jKL -P) 

2 - ( 1 + /J/8 2 



where M' and H' mean the rates at which the bending moment 
and the section depth vary per inch along the span, M' being, as 
is well known, equal to the total shear load on the section. 
Equality between the two most dangerous tensive and compressive 
stresses) at extremities of web and outside flanges, is obtained by 
making 


i6(i -Pf 

(1 +8) 2 (1 -8) \M /* 


The combination of these two equations determines a relation 
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between ft and 8 independent of M, M', II, and H'. This relation 


is (1 + 8)2(1 - 8) = 4(1 - /8){2 - (1 + /3)8 2 } , 


a relation which is very closely approximated to by the simpler 
equation 


ft = *805 + £(8 - *72)2 + (8 - '72) s . 


A minimum value of ft = *805 is reached at 8 = about *7. It is 
shown that for the standard case of a uniformly distributed load 
on a beam freely supported at its two ends, these adjustments 
lead with very close approximation to the proportion 


8= *72 


M, 


T m L J B 


where M c is the central bending moment, L the span, B the flange 
width, and T m the outside normal stress on flanges. 


Appendix I. — Economic Design of Turbines. 

(End of Chap. IX., p. 117.) 

In The Engineer of 27th May, 10th June, and 17th June 1904, 
will be found a series of interesting calculations by the author on 
“ Dynamic and Commercial Economy in Turbines.” It is there 
shown that for greatest dynamic efficiency the angles between the 
periphery of the rotating wheel and the blades should be equal at 
entrance and at exit, that the tangent of this angle should be 
double the tangent of the peripheral angle of the fixed entrance 
guide-blades, and that the peripheral velocity of the wheel should 
be half the peripheral component of the water entrance-velocity. 
The angle of the rotating blades being called ft, that of the fixed 
guides y, and the water-velocity through these guides w , and the 
wheel- velocity h , these conditions give 


w 


2 tan ft = tan y and h = — cos y. 

Z 


The linear velocity with which the water is fed into, and dis- 
charged from, the wheel is then w sin y . 

1 Calling the dynamic efficiency c, the power in ft. -lbs. per 



APPENDICES. 


145 


second delivered by the water to the wheel II, and the water- 
covered gate-area A, we find for water-turbines 

c = cos 2 y and H = *97 A ufi sin y cos 2 y. 

The smaller y is made tlie nearer does € approach unity ; but the 
y-gradient of the power developed is 

H' - *9 7 Aw 3 cos y(l — 3 sin 2 y), 

and this gives maximum power at 

sin 2 y — ^ or y— 3f>° 1C' with .*. 44' and c=~, 

o 

This would be the best angle for the design if, for a prescribed 
size of wheel (measured here by A) and prescribed entrance- 
velocity w, the chief aim was to obtain maximum horse-power 
without consideration of water-consumption. This, however, does 
not mean maximum commercial economy. 

The power “ in the water ” consumed is — . Suppose that the 

cost of each extra unit of water-power consumed is p , while the 
value of each extra unit of power developed (H) is h. Then the 
“ net revenue ” or “ working profit ” obtained from the use of the 
turbine is shown to be 

R = *97 A hw 3 sin y^cos 2 y - ^ ^ - C 

where C represents initial costs incurred whatever power be taken 
from the wheel. 

The y-gradient of R is 

R' = 97A hw 3 cos y^l - 3 sin 2 y - £- ^ . 

The maximum net revenue R for given size A and given water- 
velocity w is thus obtained with guide-blade angle giving 

sm 2 y =j( 1 -|) a ndc=2 + ’ 


which y is less than for maximum power (H' = 0) in that ~ is here 
subtracted from unity. Here ^ is the ratio of cost of extra unit 


K 
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of water-power consumed to value of extra unit of power utilise^. 
With y so adjusted the maximum revenue is 

K, nai = -373AwV^l- 0-C. 

For different ratios of p to h the following are the results : — 


P 

h 


y degrees 



0 *1 *2 *3 *4 *5 *0 *7 -8 -9 

35-3 33*2 31 *1 28-9 26 5 24-1 21'4 18*4 15*0 10*5 

*373 *319 *2GG *218 *173 *132 '094 *0G1 '033 *012 


*67 *70 *73 '76 *80 '83 '87 '90 -93 *97 


As the relative cost of the water-power consumed goes up, 
dynamic efficiency becomes of greater commercial importance and 
the power extracted from the wheel with greatest commercial 
economy decreases. 

Here there is no question of varying the size of the turbine. 
The problem is confined to finding the best power to extract from 
a given size of wheel under given conditions. 

If the problem be how best to obtain a prescribed horse-power, 
the solution is quite different. The relative costs of providing a 
larger or smaller turbine have to lie compared with the relative 
costs of working these at greater or smaller dynamic efficiencies. 
In this problem the value of the horse-power utilised is not 
involved. The prune cost of the installation must be reduced to 
a capital charge per unit of working time. The annual interest 
plus depreciation on the plant is divided by the number of 
working hours per year, and further reduced to a capital charge 
per second by dividing by 3G00. This is taken as an initial 
constant not varying with the size of the turbine plus a part = aA 
proportional to tins size as measured by the gate-area A. Adding 
to this the total working expenses, taken as in the other problems 
stated above, the total cost of the power per second is 

K * C + aA + , 

e 

the constant C being different from that in the previous equations. 
Here H, j p, and a are also constants, but A and c vary together 
according to the angle y chosen for the guide-blades. The larger 
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this angle the less is the efficiency, but the less also is the size of 
turbine required to develop the prescribed H. Let K', A', and € 
be the y-gradients of K, A, and c. The above equation gives 

K' = aA'-pII-I-. 

€ 2 

K is a minimum when K' = 0, and this gives 



which, expressed in terms of y, gives the criterion 

1-3 sin 2 y _ jj p 
l*94sm 3 y a 

From this equation both H and A have disappeared by elimination, 
showing that the angle y giving maximum commercial economy 
does not vaiy with the horse-power required, and is the same for 
large and small sizes of turbine. In finding it the water entrance- 
velocity w has been assumed constant, which practically means 
that the available head of water is fixed. The best y depends on 
the cube of this velocity, and on the ratio of the extra working 
costs per extra unit of water-power consumed to the extra capital 
costs per extra square foot of gate-area in the size of turbine. 
The following are the numerical results of the formula : — 


y 

10° 

15° 

0 

o 

25“ 

30° 

35° 

vfi-V. 

a 

87 

231 

8*1 

31 

100 

•034 

V H 
aAc 

151 

5-97 

2 73 

1*30 

•50 

•02 

aA 

•068 

•180 

*415 

•94 

2-67 

754 


Appendix K . — Commercial Economy. 

(End of Chap. IX., p. 117.) 

In all industrial applications of the doctrine of maximum and 
minimum values, it is most important to remember that the 
exact attainment of the exact maximum or minimum is never of 
practical importance. The method of the calculus here explained 
applies only to quantities with continuous variation ; and, as the 
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gradient is zero at the place of maximum or minimum, on either 
side of this exact place there is a considerable range of base con- 
dition throughout which the deviation from maximum or minimum 
is so small as to be of no consequence. Indeed, in industrial 
problems the really best adjustments art hardly ever coincident 
with the exact values found theoretically, and for this reason that 
the theory never includes the consideration of every influential 
element. Minor elements are left out of the account in the 
theoretical calculation, and when the theoretical result has been 
found these minor elements quite rightly indicate the advisability 
of a small deviation from it in one or the opposite direction. 

In the author’s work, Commercial Economy in Steam and other 
Heat Power-Plants, published in 1905, many very interesting 
physical and financial maximum problems in the economic use of 
steam are worked out. 

In this work the author enunciates for the first time a definite 
measure of industrial economy applicable to all productive effort. 


To this the name “ economy coefficient ” is given 


Jt 1S C'J” 


where P equals the value of any quantity of the product., C the 
cost of production of the same, and T the “ time of turn over.” 
If P be taken as the time-rate of production reckoned at its final 
value, then CT will be the “ working capital ” permanently held 
up in the maintenance of the manufacture ; so that the economy 
coefficient may also be expressed as “ Value of Annual Production 
--Working Capital.” This working capital does not include the 
fixed capital sunk in plant, buildings, etc. 

The economy thus measured is capable of being raised or lowered 
by changes of various kinds in the methods of production. If 
such change affect all three factors P, C, and T, and if the change 
be capable of being made gradually, then the concurrent rates of 
change of these factors may be called P', CT, and T', these being, 
say, the ^-gradients, if x be the measure of the element of manu- 
facture which is being varied. Maximum economy is reached, 


so far as it is affected by change of x } when the ^-gradient of 


JP 

CT 


is zero ; that is, when 


r _cr r 

P (J T ’ 


This criterion of maximum commercial economy is quite general in 
its applicability to every kind of productive industry in its 
development by every sort of change capable of continuous 



APPENDICES. 


149 


gradation — whether in the manufacturing experiments the change 
be actually made gradually or suddenly. 

If P be the quantity produced per unit time and e a coefficient 
of physical efficiency giving the ratio of this product to the 

quantity of raw material consumed, so that — is this latter 

quantity ; if to be the total cost per extra unit of such raw 
material consumed together with the cost of working it up to 
the "condition of the finished product ; and if p be the final value 
per extra unit of the product P; then, if p and tv are constant, 
any modification of the manufacture which affects P and e con- 
currently, gives a rate of variation of the net revenue 


R' 


w P 


€ 




Thus the maximum revenue is obtained when the rate of 
production is adjusted so as to make 


c '/i « P € 
pyp w 


-l. 


Here the size and character of plant is supposed fixed, and this 
equation gives the most commercially economic rate at which to 
work the given plant. 

The other most important commercial problem is to determine 
the best size of plant for a prescribed rate of production P. 
Here P is constant (P' = 0). With a larger or more expensive 
plant the efficiency may be raised so as to lessen the working 
w?P 

expenses in proportion to — , but at the same time the capital 

charges are raised. These capital charges m ay he taken as equal 
to an initial constant plus /iP/(c) where k is a constant factor and 
/(c) is a function of the efficiency dependent on the kind of 
industry investigated. The total annual cost for the prescribed 
rate of production P is thus 

«jP 

= Constant + &P/(c) + — , 


and this is made a minimum by the adjustment 


«*/(«)=! . 

w and k being among the prescribed data, and /(c) and therefore 
c being functions of the size or prime cost of the plant, this 
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equation determines the most commercially economic size of 
plant to use. A particular example of the calculation has been 
given in Appendix L. 


Appendix L. — Indeterminate Forms. 

(End of Chap. IX , p. 117.) 

Whatever meaning be attached to the symbol x > , the ratio 


is clearly and definitely 0 or zero ; while the ratio ™ is definitely 

co . But the three quantities > 0 x c© are more difficult to 

0 oo 

evaluate. They are termed ‘‘indeterminate.” They anse as 
ratios and products of variables or fluxions, when these variables 
take special values, the said ratios and products having no 
ambiguity or iudeterminateness when the variables have other 
than these special values. Thus X and may be functions of 
x, both of which come to zero for some special value of x. 

There is in reality no such thing as a ratio between two zeros ; 
a ratio can exist only between two quantities, and zero is not a 

quantity. The meaning attached to the symbol ~ must, therefore, 

be in a sense conventional. The meaning attached to it is the 
ratio of X to $ when these functions have any correspowhny or 
simultaneous minutely small values. To give this meaning real 
significance both X and X must pass through zero as continuous 
functions of x ; therefore they can both bo represented graphically 
by curves on a scaled diagram. Let fig. 31 illustrate such graphic 
representations. Both X and $ curves cross the horizontal axis 
at the same point x v Draw tangents to the two curves at this 
point. These tangents coincide with the curves for minutely 
small distances on either side of the touching point, and all 
minutely small values of X and of $ are given equally well by 
the curves or by their tangents. The slopes of the tangents are 
X' and taken at x v written, say, X\ and For any small 

± Sx on either side of x v the values of X and are thus 
and $\$x . Concurrent values of X and are those in which 
the 8x is the same in both. It follows immediately that at any 
point close to x x on either side of it 

/X\ X\ 
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As neither X\ nor is zero or ambiguous in value, ( ^ , or jj 
according to the meaning above assigned to this symbol, can be 



Fro. 31. 


evaluated as the ratio of the two ^-gradients at the particular 
value jt v 

In this demonstration it is assumed that both curves X and 



Fig. 32. 

pass through the zero axis without break of gradient , that is, that 
both X' and are continuous . In fig. 32 are shown two pairs 
of curves in which, while the functions X and are themselves 
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both continuous, the gradient of one of them, X', is discontinuous 
at x 2 


X* X . . 

In this case and, therefore, also , has a certain definite 


value for any + 8% beyond x x and another different definite value 
for any - 8x below x v 

If also assumes the form ^ , similar reasoning shows that 
Si 0 

/ X\ X 

both it and ( have the same value as and can be evaluated 
\ c Vi $ 

by finding the ratio of these second gradients. The best graphic 
demonstration of this is obtained from a diagram with x as base 
and X' and as ordinates to two curves. Then X and for 
any ± ox on either side of x 1 are the small triangular areas under 
the curves with common base ± 8x. These areas are proportional 
to X' and J£', and, therefore, also to X" and JT. 

If at x l the value of X becomes oo and that of zero, then 

construct an ^-diagram with two curves giving ~ and At x x 

A 

the i curve, as also the $ curve, both cross the zero axis, and 

A 

the above rule may serve to evaluate = (X^) 1 = co x 0- 


Since 


(-it)’’ -£■ l “‘ ve 

Ml; 


(X4E),-- 

from which can also be deduced 

But neither of these last two formulas is useful, because if X 
becomes oo at any finite value of x, so also does X'. The 

function however, may often be differentiated in terms of 

x so as to eliminate entirely both X and X'. Thus 

4T, 


(Xj), = oo x 0 = 


(iX 


usually gives a definite value. Otherwise the product may 
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reduce by cancellation to a function of x which does not give an 
indeterminate value at x . This latter method must he adopted when 

X = x, because gives (£$)«> 53 “ x2 $' — “ 00 2 x 

since, if = 0 at x = oo , necessarily also — 0 at same limit. 

To engineers the most interesting case is that of the commonly 
used expansion curve pv n = K. This gives infinite volume for 

/K\— _ A n-1 

zero pressure. Here v — f — J n and pv = Kw 1 ” w = K n p n . 


In this case at zero pressure, 

pv ~ 0 if n>\ 

— k „ n = 1 
-oo „ ?i<l, 

the last case being for a curve lying above the hyperbolic or “ gas 
isothermal.” This last curve corresponds to expansion accompanied 
by very rapid heating. The work done by the expansion down 
to zero pressure from p x v x is (see § 110, p. 63) 

w = Wi - ( &>)*• _ Ml. if n > 1 

n — 1 n - 1 

= oo „ n< 1 


When n = 1, W, according to this formula, takes the indeterminate 
form -jj- ; but the special integration 


f 


pdv = p x v j log 


shows that the value is oo when p< 2 = 0, and v 2 = oo . 


If X-, = oo and «& = «>, then — = 
1 00 


Ei=JL/A = 

JTi/X, 


0. 

O’ 


to which the first rule given applies. Taking the ratio of the 
x-gradients, there is found 



Ei 

J'i 


As it stands this is of no use, because both X\ and =*= oo . 


But 
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by cancellation, or otherwise, the ratio ^ 1 may be reducible 

<& 1 

to determinate form, while is not so. 

$ 

A theoretically important case is the value of ^log r ^ when .r = 0. 
It takes then the form -Ox go. Taking #log,, 1 r = !°k' ;r > and 
differentiating both numerator and divisor, we find the value 

- — L__ = _ x= 0 at the limit. 
x x - 

The discussion in 55 104, page GO, afibrds another illustration of 

j.n _ ] 

the theoretical importance of this method. Here - - was 

n 

demonstrated graphically to equal log,, x when w = 0, at which 
value it takes the form Considering x constant, the ra-gradient 
of (x n - 1) is x” log, x 9 and the ^gradient of n is 1. Since a; () = 1, 
the method now explained gives at once “log e a; when n = 0. 
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NOTATION. 


Letters near the beginning of the alphabet denote constants 
which may in general lx* positive or negative, whole or fractional, 
real quantities or numbers. Those near the end of the alphabet 
denote variables. 

’The symbol = stands for “denotes” or “is identical with.” 

The symbols >, >, <, <jr stand for greater than, not greater 
than, less than, not less than, respectively. 

The symbols /( ), F( ), <£( ), \j/( ), denote any function of the 
quantity placed inside the brackets, except when restricted by the 
context. 

X, S, Jt, x are briefer symbols for functions of x. 

L, M, N, P, Q, K also sometimes denote functions of the variable. 

Y==any function of the variable y which is independent of x. 

f(a )~ the same function of a thaty(.c) is of the variables. 


f( x ) 




W) . 

dx 


Af( x ) 




d” f(.c) 


dx“ 


~dx 

<IY 


X'J~ : X"Ei d ] X : - - - - 

dx dx~ dx H 


YW— : Y"-- ^ — * y (,,) ==^" ^ 

dy “ dy r dy" 

/(Y 


/(X)s 


dX 


dx 


=partial differentiation with respect to x. 

/ 

/ (&,?/)== the differential coefficient with respect to x of the 
function f(x,y) where x and y are independent variables. 

n n 

f (x,y)=zf (a,y):=Ethe second differential coefficient of f{x,y) with 
** yx respect to x and y , where x and y are indepen- 
dent variables, 
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NOTATION. 


I Xcfc=Integral of X with respect to x 
j m Xdx*=j jxdx*=f I Xdxdx— j | f Xdx j- dx 

rw/- - (n fsyinbols)lLdx n — I j - - (n /symbols)^] xdx - - (ndx's) 

J j f(x,y)dydx== j | jf(x,y)dy | dx 


2 or 2( )=Sum of a series of terms of the same type as that 
following 2 or placed within the brackets. 

— 6 

== the limiting value towards which 
a approaches as 8x ap- 

proaches the limiting value 0. 


j f(x)dx~ Jf(x)dx 


f f(x)dx z ~ [ f(x)dx 

J a J a 


w!=lx2x3 (n - 1) x n ; ( n being a positive integer). 

log 10 £==log;r in the Decimal or Common system of logarithms. 
log ( .r=-loga7 in the Natural or Neperian „ „ 


c=2*71828 18 ==1 4- I - + 57 + d = ha«e of Neperian 

1 J ! 6 ! logarithms 


& x^ x? 

exp(x)=p'= 1 + x +21 + 37 + 

Bj, B 2 (Bernoulli’s Numbers).* 

In trigonometric functions the angles are given in “ circular 

180° 

measure,” the unit being the radian which = or 57° 17' 45" 

7T 

nearly. 

T(n)= f e~ K x n ~ l dx (the Gamma Function). See X. 1-6. 


Abbreviations. 

Sp. Case== Special Case 

Exe.== Exceptional Case, or Case of failure. 


See note at end of Section VI II. 



I. GENERAL THEOREMS, 1-6. 
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I. GENERAL THEOREMS. 

1. f X'dx = X + C 

rm 

/ X"dx? = X + C,a; + C 0 
/ X'"dx> = X + CV" + 0,2; + C 0 

• fM 

J X' n 'Jx’‘ = X + a,.,*"- 1 + C n _^"- 2 - - - + G x x + C 0 


1 /> 


f'(x)dx=f(h) -/(«) 


3. 

4. 

5. 


C. 


^ af(x)dx — a J f(x)dx 

J (X ± H ± )<7;r = J X'7.r + JSrfa± j $dx 


j Xrte= j X^+ f x 

J « J <* J b 

H> fa 

: X<&;= - : 

J« Jit 


Sp. Case 


fx 2 fX, 

f(x)dx — 

J J x, 


/{*(X)}<*'(X>7X 


where 


s^cKX) 

x,,i-<j>(X 2 ) 

Sp. Case : j Xr/a: = J ^,r/X 


<£'(XN 


dcf>(X)^dx 
dX dX 


l 
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I. APPENDIX M GENERAL THEOREMS, 7. 


(Integration by Parts.) 

J x3<fe = x j na,x - 1 1 x'J && | ,(x 
or j XE Vic = XE - J X'Erfa = XB- J’SdX 
Sp. Case; jxdx = Xx - jxdX. 


Appendix M. — Integration by Parts: Special Cases. 
(I. No. 7.) 

The special case 3' = # m is worth notice. It gives 
[ Xx m dx = X - CT - + - 1 I— f XV' H 

J 7H+1 771 +1J 


With 

7)1= 1 :J Xxdx = ~jx'x 2 dx. 


m = 0: jxdx = Xx- jx'xdx. 


m — - 1 : f-^dx = X log x - Jx' log xdx . 

With 


X = (log x) n 

: j x m (log x) n dx — - + if xm 0°8 x y 

With 

X = log x ; Jx m log xdx = (log x ~ * 

9* 

X = logx: j 3' log ftcto = 3 log a? - J ~-<£c. 


All the formulae of Section IX. are deduced by help of 
this I. 7. 



I. GENERAL THEOREMS, 8-10. 
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8. f xsjx = x J a/j- - x ' j%ix" +x”J 

'( 3 ) 

Edx* d 



tX 1 "- 11 / &te”+ 1 

| X 1 '* 1 / Brfa: n i r/j- 

Sp. Case : 3 = 1 : jxrk = *X.- ^X' + 

jri x '-f,x''+etc. 


9. f ^lx = 2-3026 - - - - log ]0 X + C = log c X + C 
10. Approximate Integration. 


(i.) I X'?.c = ^ - — (X„ 2 X, + 2X_, H + 2X„ _, + X„) 

a " n 


wliere X„ is the value of X when x = a 


.. x, 

X, 
„ X r 


» =« + 
yy ,, =(l -\~ 

}} 


b - a 
n 

2 (b - a) 
n 
b - a 

= a -f p. 

n 


s: 


with (b - a) divided into n equal parts giving ( n + 1) values of X 
(ii.) (Simpson’s Rule.) 

% 

{ X 0 + X,„ + 4(X 1 +X S + X„ + - — ) 

+ 2(X 1 + X 4 +X b + f X u _ s ) j 

wliere X 0 , X lf etc. == as m ( 1 .) ; 

with (b - a) divided into 2 n equal parts giving (2 n -f 1) values of X. 
(iii-) J f{v)dx = h\h {f{b) +f(a ) } +/(« + h) +/(« + 2 h) 

*'* +---+/(& -»)] 

+ [ - -J* * 

* See note at end of Sect, VIII, 
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I. GENERAL THEOREMS, 11. 


11. M ethod of Undetermined Coefficients. 

(i.) If a function lie expressible in a certain form containing 
unknown coefficients, these coefficients can be de- 
termined by transforming the identity and equating 
coefficients of terms whose variable part is the same 
function of the variable (e.r/., the same power, or 
the same trigonometrical function), or in which the 
variable is absent (constant terms). 

The transformation referred to may be : — 

(a) Differentiating both sides (as in III. B. 18). 

(b) Clearing of fractions (as m II. E. 2, etc.). 

(ii.) Another method : Give to the primitive variable as many 
different values, in the identity, as there are coefficients 
to he determined ; whereby we get as many equations 
as are necessary to determine them. 

General Note re Imaoinaries. 

Some of the formulas here given contain parts which would 
become imaginary if the quantities involved took values outside 
certain limits: becoming, e.g., square roots and logarithms of 
negative quantities, inverse sines of quantities greater than unity, 
etc. When a definite integral is deduced from the indefinite one, 
these imagmaries, explicitly or implicitly, cancel one another, if 
the subject of integration is itself real. But, in many instances, 
two or more forms are given for the integral of the same function 
(e.g., HI. B. 6, VI. 5, 6), of which that one is to be selected 
which, for the values of the constants in the particular problem 
under consideration, is free from imaginanes. 

Some of these formulas contain parts which are imaginary for 
certain values of x only, whatever the constants may be, and 

others do so for all values of x when the constants are outside 

certain limits. E.g ., the formula sin" 1 - is imaginary wlien x>a , 

but not when x lies between - a and + a. On the other hand, the 

formula ~ sinh^ia; /— \ contains imaginaries when b is 

Jb I V a I 

negative, whatever the value of x may be. 

In these classified tables, the conditions under which a formula 
involves imaginaries are, as a rule, pointed out in cases of the latter 
sort, but not in those of the former. 
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Special Note as to Logahitiimic Terms. 

When. a term of the form A log X, where A is a constant, occurs 
in an integral, it becomes imaginary when x has such values as 
make X negative; but in such cases A log (-X), which is real, 
may always be used instead of A log X, since it has the same 
differential coefficient as A log X. This note applies to III. A. 3, 
5,11, 16, etc. 


Note re Inverse Use of Tables to fint> Differential 
Coefficients. 

Although the chief purpose of these Tables is to assist in 
Integration, they may also be used to find gradients or differential 
coefficients of given functions. To use them for this purpose, 
search for the given function on the right-hand side of the page. 
Its ^-gradient is the corresponding quantity on the left-hand side 

of the page with the sign of integral ion j and <Lr removed. 

The function to lx* differentiated will not, however, always be 
found under the subject-title proper to the function, since the 
arrangement of the tables classifies differentials, and not integrals, 
accoiding to subject. For instance, the differentials of sin -1 #, 
tan” 1 , etc., sinh -1 #, cosh -1 #, etc., will be found in Section III. — 
“ Algebraical.” 
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II. — CHIEF METHODS OF TRANSFORMATION. 


A. Express the subject of integration as the sum of a series of 
terms, and integrate these separately (see I. 4) (Integration by 
decomposition or separation.) 


E.g., I log{(l + 2z)(l + 3x)}i/x= f {]og(l + 2x) + log(l + 3 .,)}dx 
= j log( 1 + 2x)dx + J log( 1 + 3 x)dx . 


B. Add and subtract the same quantity. E.g., 


f xa!jc 

J 1 + 2 .* 


/° 


1 + 2.r 
1 1 


fix . 


C. Multiply (or divide) numerator and denominator by the 
same quantity. E.g., 


Sp. Case : 


j tair l rdx ~ j ^ - 

-/• 


tan ( J -f ian^dx 
+ tan-'.r 
tan W tan x 


1 + tan L '.c 


M + N^/R ^ (M + N J B)(nt - nJB) 
m + n JB, m 2 - >rR 


D. Expand in a series (see p. 146). E.g., 

I J(i^FWx) " / { 1 + T kWx + 1% 4siR ' x + - } dx ■ 

Sp. Case : II. F. 


E. Resolve rational fractions into partial fractions. (See p. 167.) 

F Express a product of powers of sines and cosines as a sum of 
terms, each consisting of a sine or cosine multiplied by a constant. 
(See p. 168.) 



II. CHIEF METHODS OF TRANSFORMATION G-K. 
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G. Substitute /(X) for x and f'(X)dX for dx. (See I. 6.) 

Sp. Case : f (X)~y>X -\-g~x ) 
dx^pdX )’ 

In the case of a definite integral, change the limits correspond 
ingly (See I. 7), or else transform back to x after integration, 
before assigning limits. (See p. 148.) 

* H. Differentiate or integrate an integral with respect to any 
quantity m it which is not a function of x , and a new integral is 
deduced. 

K. Use integration by parts. (See I. 7.) 
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II. CHIEF METHODS OF TRANSFORMATION. 


II. P, Chief Methods of Expansion m Series — 

1 . Binomial Theorem. 

2. Exponential Theorem. 

3. Expansion of Log, (1 ±x). 

4. Trigonometric series derived from the preceding expansions, 
by use of imaginaries. 

5. Taylor’s Theorem or Maclaurin’s Theorem (including 1, 2, 3, 
as special cases). 

6. Fourier’s Expansion in series of sines and cosines. 

7. Spherical Harmonics, Lame’s Functions, Bessel’s Functions, 
Toroidal Functions, etc. 



II. CHIEF METHODS OF TRANSFORMATION. 


169 


11. K Partial Fractions. 


Y{x)_kx m + ID * 7 ”” 1 4 h II 

j (x) ~ ax" 4- hx” ~ 1 4 H h 


where m and n are positive integers. 


1. If >?><£ n reduce by ordinary division to an integral 

function of x, 4 a fraction of similar form to the above with m<n. 

*2. First Case. j(x)== a pioduct of simple factors, all diilerent. 

f(x)=a(x - p)(x -q) (x - s) 

F(.r) = P_ Q S 

f(x)~ x -p x-q + + X ~ S ‘ 


To find P, Q S, winch are constants, use I. 11 (i.), (h) 

Otherwise, V(j>) F(?) f 

3. Second Case. Some factors repeated. 

Fu.g. f(x)==a(x - p)\x - qf(x -r) 

*(*)« Pi , P._ + P_3_ . Qi_ , Q 2 . B 

f{x) x -p (x - pf (x -p) 3 x-q (x- </) 2 x - r 

To find T x P 2 use 1 11. (i.). 

4. Third Case. f(x) not a product of real simple factors, but 
contains quadratic factors all different. E.tj. 


f(x)~a(x 2 4- kx 4- l)(x? 4- mx 4- n)(x -p)(x - q) 

F(aj) = Kx + L Mx + N P 
f(x)~x 2 + kx + l x 2 + mx + n x-p 

Determine the constants K, L, M, etc., by I. 11. (i.). 


5. Fourth Case. Some quadratic factors repeated. F.g. 

f(x)==a(x 2 4- kx 4- l)\x 2 4- nix +■ n){x -p) 

F(a)__ K x x 4- L x K.,x 4- L 2 K s x 4- L 8 

f(x)~ x 2 + kx + 1 (x 2 4- kx + l) 2 + (x 2 4- lex 4- tf 

Mcc4-N P 

4- f- 1 

.r- 4- nix 4- n x - p 

Determine the constants K x L x etc., by I. 11. (i.). 
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II. CHIEF METHODS OF TKANSFOKMATION. 


II. F. times and Cosines . 


1. Use repeatedly 

Sin mx cos nx—-^ | sin (in + v)x + sin (m - n)x | 
Cos mx cos nx~- i- 1 cos (m + n)x + cos (m - n)x j 
Sin mx sin nx^~ j cos (ni - n)x - cos (m + n)x | 


Sin mx sin 


11 1 

E.g. Sin 3 # cos 2x cos x~ - sin 4# - sin 6# - ~~ sin 2x . 

8 16 16 


2. Alternative method, i == J - 1. 

Use X=e' x .* 2 cos# = X f X“ l 
2? sin # = X - X -1 
2 cos>/#^-X ri + X“ w 
2/ sin vx = X” - X 71 . 

Express sines and cosines of x or its multiples in terms of X 
Multiply out. Collect pairs of terms of the form C (X n ±X" /l ), 
and reintroduce sines and cosines. 

E.g . Sin 3 # cos 2# cos x 

*(2iW (X " X ' 1)3(X2+X_2)(X+x ' ,) 

■= - ^ -{X” - X' 6 - 2(X 4 - X-‘) + X 2 - X- 2 } 

= - 6 X ~~ % sin 4# + sin 2#}. 
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II. Gc. — Substitutions . 

1. (ax + l, Yds ■ - XVX ] 

a i 

. r 

2. F(ax + b)dr~- F(X)dX j 


\ X=r,.r+ft. 


Sp Case: h= ±~. (See YI. head note.) 


3. 


dx 


<rx 


x J(ax 2 + b) s/(a+ t) X 2 ) 


x-A. 

X 


x m (tx 


* ~ , - h) M X p -*- 1 dX 

(ax + bf! p a m -* lK ' 

X~(ax + b) 1 l p . 

5. F (ax 2 + bx + c,)dx ~ F^/(X 2 + &)}<7X 
„ b . 4 ar - b 2 

X=X + '2^’ k =~i * 

c dx 2./X Y= 

6 7F(^)(^)} ~ T- x 2 ’ v W- b) ’ 

7. F(* 2 + H l )dx = F(Ar‘ 2 soc 2 X)& sec-X'/X 

X=tan-J-f.. 

h 

Otherwise = F(A; 2 cosh 2 X)/£ cosh Xr7X 

X-sinh" 1 -^-. 

h 


8. F{(# 2 - k?f}dx = F(A’ tan X)£ sec X tan XcAX 

L_® 

lc' 


v _i »c 

X=Hsec 


Otherwise = F(/r sinh X)7r sinh X . r/X 


XeecosIi -1 --- . 

K 


9. F{(& 2 - a: 2 )*}^ = F(A; cos X)A* cos XtfX 


Xsskr 1 — 
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II. CHIEF METHODS OF TRANSFORMATION. 


10. F(r, log^ir = F(r\ X)eVX 

X- log.-c . 

11. F (b cos a; + c sin x)dx = F{V(// + c 2 ) sin X}</X 

X=*+ tan -1 — . 

c 

Otherwise, as in II. G. 12. 

12. F(a + 1 cos x + c sin x)dx — F i a + ^ + + 

( I + 


1 3. F(a + b cos 2 # 4- c sin 2 x)dx — F | ^ ^ 

x 

u 

14. F(cos jr , sin 2 ^) . sin xdx = - F{X, (1 - X 2 )}r/X 

X—cosx, 

15. F(sin .t, cos 2 #) . cos xdx = F { X, ( 1 - X 2 ) } dX 

X=sin x . 

1 6. F(sin“ 1 #)cZ# = F(X ) cos X dX, 

X^sin -1 x 


- /,)X 2 \ 2 dX 
1 1+X 2 

X~tan 

l dX 
I 1+X 2 
L=tan#. 


and similarly for other inverse functions. 


to | fc 



TABLE OF INTEGRALS, III. A. 1-10. 
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III .-IX .—TABLE OF INTEGRALS. 

III. ALGEBRAIC FUNCTIONS. 

III. A. Mainly Rational. 

1 . Jarfx =C + ax. 

* r ™n+ l 

2. Ix n dx ~C+ X 

J n + 1 

[Exe »=-]. (See TIT. A. 3.)] 

3. = C + 2-302585----xlog 10 * 

= C + loge-t: . 

4. f(ax+b) n dx—C + - ^ (ax + b)” +1 . 

; v ' («+!)« 

Exe » = — 1. (Wee III. A. 5.) 

5 . /".*■ = C + - 6 : — x log 10 (a.e + b) 

J cl*c - 4 - h a 

= C + i log («;« + &). 

6. f Ax + fdx = C + + - B ~ Ah log, (ax + b ) . 

./ ajr + l> a a - 

7. fx m (a.v + hplx. Use It. A., or IX. A. 1, or HI. A. 20. 

8. =C + tan"U = G - cot" 1 *. 

J 1 + x- 

9- I /*--.> =0 + i log,|i? = C+ tanhr 1 * [a*<r 1 ] 

= C + £ log , X = C H* eotli -1 ^ [:r > 1 ] . 

10 ' !JU -7p) l ”‘"V I +C when a6>0. 

* 7F3J fr% wh ” X 'V( ’ ? ) '' h “ “ i<0 ' 

(See III. A. 9.) 
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III. ALGEBRAIC FUNCTIONS, A. 11-15. 


11 f dx ^ 1 , /A:z + B\ 

J(Ax + B)(«.r + b)~ (j + Ab- aB S \ax + b)’ 

where m is a positive integer or 0, and w a positive 

l+# n integer. If use II. E. 1 ; if m<n , thus: — 

= C 4- ^ ^ log<,(l + x) - — 2 jcos 9 ( Vl + ^ 7r log, (a/ 2 - %i‘ cos r7r 4- 1 )| 

n n \ n n ) 

+ 12 j sin + 1 V tan - > f * " C ° S « \ 1 . 


rir K 1 

a? -cos -\ 


i ' sln „ n 

N B. — If n is odd, r takes the values 1, 3, 5 (?? - 2). 

If n is even, r „ „ 1, 3, 5 (n - 1), and the 


berm ( -_11_ locr 


log r ( 1 + x) is omitted. 


k [ x ^ where m is a positive integer or 0, and n is an odd 
J 1 -x v positive integer. 


= ( - l) ,/<+1 , where X^= -x. (See III. A. 12.) 

J 1 + X” 

I n where m is a positive integer or 0, and n is an even 
./ 1 - x 11 positive integer. 

= C+ 1 log,(l log,.(l +x) 

n 7i 

- Ly I coA m + \og,(x* - 2x co, r * + 1) 1 

n ^ I ?i n ) 


+ 2 -2is 

n 71 \ . TTT 

\ sill - / 

^ 71 

where r takes the values 2, 4, 6 (n - 2). 

Jax n + J> b \ a / J 1 + X" W>/ 

See III. A. 12, if m ami » are positive integers. 

See III. A. 13, 14, if m and n are positive integers. 
Otherwise, see IX. A. 1. 



HI. ALGEBRAIC FUNCTIONS, A. 16-20. 
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16. f d * C+ 2 A .tan- l2 ®* + - 6 where A=V - 4ae, 

J aa? +bx+c J{- A) J(-A) if A<0 


= C H- — - log ^ ax + b- J A 
jA l ° ge '2ax + b+ JA 


if A<0 
if A>0. 


17. /'( A^+B)^ = A i o (aa;2 + , )C + r) + 2«B - A6 

I ax - + 5a; + c 2o 7 2a J ax 2 + foe + e 

(See III. A. 16.) 

1 8. f A ^ n ^dx where X==aar + bx + c 

A 21>(7 — Ah f T"v r a ji \ 

2(w-l)aX" J 2a JX n K ' 

Sp. Case • A = 0. (See IX. A. 4.) 

/ Ax m + 1» r w ~ 1 H h K 

* , - - dx. where ?/?, n are positive integers 

ax n + bx" J + +p * 


Reduce by II. K. to terms like these : — 

[ As? dtr [~ ,1x [ Adx f 

J ’ Jx-p’ J(x- p)’ ’ Jr’ + lx + m ’ 

for wliich, see III. A. 2, 5, 4, 17, 18. 


Lx + M 
( x 2 + lx + m) 1 


f ft C /Y« _ 7,\(»*+l)/»-l 

20. j x w (ax" + byi*dx = i / x*+ q - l (±— dyi 

where X.^(ax 11 + b) Vq 
_ _ ^m+D/n+^X^ _ flJ-lm+D/fl-M'-lX^+H^X 

where X.^(bx~ n + a) 1/? . 

Use the former when is a positive integer. 

n 

„ latter „ m + 1 + £- is a negative integer. 
n <i 

In either case, expand the binomial factor and use II. A. and 
III. A. 2. 
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III. ALGEBRAIC FUNCTIONS, A. 21-27. 


Definite Integrals with Numerical ( or Particular) Limits. 


21 . 


x m dx _ ir 

n 


where n and m are even positive in- 
tegers, and m<n . 


22 . 


dx 


V(l -*") n 


7T 7T . » -| 

- - eosec - - if w > 1 . 


23. 


f. 


dx 

7(1 +'* n ) 


7T , 7T 

= — cot — 


r 1 


24. 


(x m + jf)dx _ r(m + l)r(» +1) (See X. 1 G.) 


„o +*)' 




V(m + ra + 2) 


as r v " ,dx ~ 

• J o (i +^r + " +j - 

27. | ^-^ = « m+K(,r( ^-^ 


M 


r(fn+l)r(n+l)„ 
+ 2 ) ' 



III. ALGEBRAIC FUNCTIONS, B. 1-7. 
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III. B. Quadratic Surds. 


1. J(ax+b)idx = C+~(ax + b)i. 

2. j f{(ax + b)l)dx=l /X/(X>7(X) 

wliere X- (ax + b)h . 

Sp. Cases: — 

(7 ) J x(ax + h)'dx = C + —(as + l‘Y - '^( ax + 6 ) ! ■ 

(2) f- J? , , = 2 | '' X , . (See III. A. 10.) 

^ J x(ax 4- b)$ J \ - b 

3 f , f X \ . , = C + log,{.r + (jr + 1)1 } = C + sink -1 # . 

J (or + 1 )* 

4. f <lx ■= C + log ( .{* + (x 1 - 1)* j = C + cosh" 1 * . 

J (x 1 - l)i 

5. f /——-jrv = C + sin -1 * = C - cos- 1 * . 

J (1 “ 0C*)± 

6 . f 

J (ax* 


, - 9 =C + - r log e {xJa + (az s + l>)t} if a>0and&>0 
(ax* + 6)* sja 

» C + „ a>0 „ &>0 


= C + 4- cosh" 1 * x / . 


Ja 


= C + 


n/(-«) 


— sm“ A * ( 


„ a> 0 „ ?><0 

n 

J -j „ «<0 „ &>0 


Otherwise : put ass X /- or*=X./f - and use TTT. B 
V« V V a) 3 , 4, or 5. 


7 - !<S%m ' C+ 5<“’ +S >‘- 


M 
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III. ALGEBRAIC FUNCTIONS, B. 8-16. 


*■ kJhr < 8 “ TtI - B - 6 > 

Sp. Case : f — ^ = 0 - siuli -1 - = C - cosech -1 x 

J x(l +x 2 )‘ x 

( /, — “777 — C - cosh -1 = C - seeh -1 x . 
Jx(l-x^ X 

9. J (Ax + B)(<ur + b)idx = C + + ?* + ^aa? + ft)* 


+ 


Bb 


fi (ax 1 


dx 


2 ! (ax 1 + b)h 
Sp. Case : jx(ax 2 + b)kix = 0 + ~(o/ 2 + 6)*- 


(See III B. 6.) 


10 , 


dx ~ i x ~ .a - z 

/« 2 \i ® C + vers -1 - = C + cos -1 . 

( 2aa - or)* a a 


-i, 

1 L / = C + coslr ’ ^ 3 = C + lo 8'{ ft + * + (2<W + a. 5 )}}. 

n (2ax±x 2 )* 

O - 


12 

13. 


dx 


j x(2ax±x‘)l 

, f— dx _ 3 / fl f 

J(ax 2 + bx + cY v J (4a 2 X 


rfX 


(4a 2 X 2 + 4ac - & 2 ) 1 * 
Where X=ic + — . (See III. B. 6.) 




„ 2Ba - Aft /■ <(<(/ 

(ajr* + ta: + c)i ~ a *** ic + o) + 2 a J(ax 2 + bx + c)i' 


2^ f (Ax*\~B}dx A 
i (ax 1 4* + c) 

(See II. B. 13.) 
15. J (Ax + B)(ax' i + bx + c)idx 


-C + 


JA , , /B A6\ B b Ac AW), , , . , .. 
1 r + ( 2 + T2-a> + 4^ + 3^ " 8?; ^ + ** + ^ 


Be A&c B& 2 A& 8 \ f 


/Be 

\T~ 


dx 


4a 8a + 1 6a 2 J J (a# 2 + fo: + e)* ’ 
(See III. B. 13.) 


f (Ax + B )dx p „bB 2cA + (2aB-bA)x 

* J (ax 2 + bx + c)r^ + ^ (4 ac - ^)(a^ + fa + c)f * 



III. AUJEBKATC FUNCTIONS, B. 17-18. 
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u.j 


Ax 2n ~ l 4 Ba; 2n ^N- h K 

(ax 2 + bx 4 c) n+ * 


L.>/ 2 " _1 4 Mx 2n ~* 4 — 4 R 


if w is a positive integer ; where L, M E are constants to 

be determined by 1. 11 (a). 


18. 


i 


Ax m + Ik™-' + +K 


dx 


[ax 1 4 bx 4- a)$ 

= (P-c™- 1 4 Q.x m -' 2 4 4 H )(a.r 2 4 hx 4 r)l 4 f' — 


M dx 


J (ax' 4 bx 4 (*)- 


where the constants 1 ) , Q, S, M are determined by I. 11 

For the last integral, see 111. li. 13. Otherwise, see IX. A. 3. 
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III. ALGEBRAIC FUNCTIONS — APPENDIX N. 


Appendix N. — Section TIL Some Special and some 
more General Cases. 


A (4). Since 


A (8). f !f r ,=C + — L tali 

J ax- t- h J a i, \ 

A (9). = 

J a- - x~ la a - x 


x + b' J (,r + b)~ 


b x + b 


A (12). When ?i= 2, in may be 0 or 1 ; and the formula gives 

I - , = tan" 1 x and I ' K - X - = 1 log (1 + x 2 ) . 

J J + x~ J 1+^2 

When w = 3 , in may be 0 , or 1 , or 2 ; and the formula gives 
with M = 0’f 1 +' x 3 = ^ l°o (1 +- r ) - ilog(* 2 -.(+l) 

+ •577 tan- 1 ^“T + C, 

and with in = 1 , f x< ^ x = - 1 log (1 + x) + \ log (x 2 - x + 1 ) 

./ 1 + x^ 3 (> 

+ •577 tan- 12 /' ]+C, 
r<32 

and with m - 2 , f‘ r \ log (1 + x 3 ) + C . 

J 1 + x 3 3 




When = 4 , m may be 0 , or 1 , or 2 , or 3 ; and the 
formula gives — 

with m — 0, 


U lx -= 1, hg ?± + - V tan- 1 * ^ + 0; 
Jl+^i 4\/2 ^.^2^1 2 n/2 1~.c 2 


and with m — 1 , 

f xdx n 1 , _i 1 

J rr?- c -ii , “" V 

and with m — 2. 


/* __ 1 j o(y X 2 -X 

Jl+x* 4 J2 *x 2 + xj'2 
with m == 3 , 

c 


Z£'^+i+_Lto,r 1 ?' /5 +Oi 

+ * n /2 + 1 2 s /2 1 - a : 2 
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B (2). 


B (5). 
B (13). 


f J ' dx =(J-— (l- 8x)‘. 

.1(1- 2r)* 3 V ’ 

■[_xdx =c _ 2(2 + «.«) ( i 

J (1 - 3a 2 

f dx = c + A~ r 

J(x + l) Jx 2 -l V *+l’ 

[ djr — C - /** **" ^ 

J (x-1) Jx 2 - 1 V - 1 

= 0 + sin*" 1 # - n/1 - £ 2 . 


w 

u 


1 4- x 
l-~x 


<£ 


x —-dx = 0 + J(x + a)(x + b) 
x + o 

+ («-/>) log { J.r + a+ Jx + b}. 
1 ..-..-ilax 


C+ sin 


f dx 

J (Id - a-s-y ~ 

Another form applicable whether a he 4- or - : 

[ J* - - - f ,fi Jv with X=a;+ 

J (ax- + bx + c) 1 J (aX'^-^ + cJ 2ut 
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TABLE OF INTEGRALS, IV. 1-9. 


IV. LOGARITHMS AND EXPONENTIALS. 

1. Je x iLr, = C + e'(e=base of Nepuriun Logarithms). 

2. I a u 'dx = C + — l - a n * . 

J n log, 'i 

Sp. Case : I d"dx — C + - e’“. 

J n 

3 . Jlog^dx = G + x]og e X-X. 

4. Jlogtxdx =C+a , (log t * -Ing fc e). 

Sp. Case: 6 = 10, fli>g lg xdx = C + s(log U) x — -43129 ). 

5- j" (log^)’V/x = C + a-{(log e ^)" - + n(n - l)(log,s)*- 3 

± n !}. 

0. J x m e*dx = C + e*{a;™ - mx m ~' + m(m - 1 )x m ~* ±m\\. 

7. J a' og i r dx = jx)° e b a dx . (See III. A. 2.) 

For other formula) involving logarithms or exponentials, see 
YIIL. 7-25 and IX. C. 

Definite Integrals with Numerical (or Particular) Limits . 

8. j ^ e~ ax<i dx •= ~ \J ~ L w ^ere a>0 . 

9. I (log !)"<& = I e-VWa- = r(M+l). (See X. 1-6.) 

J o V Jo 


Appendix 0. 

IY. (7). From the equality of the logarithms of the two sides, 

a nlog b x = a-nlo^a an £ gnlog,* _ 

Therefore 

^lo^a+l 

w log & a + 1 

and (e n '°Vdx 

J n 1 

Also J e~ a *x n dx = a~ {n+i) r(n + 1) . 




a nlog b x dx 



TABLE OF INTEGRALS, V. 1-6. 
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V.— HYPERBOLIC FUNCTIONS. 



secha!= — - — : cosech*= — — : 
cosh* smh* 

gd# = cos ~ 1 sech# = sin “ 1 fcanlu* — tan " 1 sink# = 2 tan ' 1 tanh 


1 . J sinh.r.^# = C + cosli# . 

2. j cosh x.dx = C -f sin 1 w . 

3. Jtanhx.dx - C 4- log, cosh# . 

4. J coth#.r/# = C -f log, smh# . 

5. j sech x.dx =■ C + 2 tan“V - C + gcU . 

6. I cosech#.cfcc = C + log, - = C + log, tank--* . 

J ?? 4- 1 -a 

Note . — Every formula in VI. gives rise to a corresponding 
formula in hyperbolic functions, and vice versd, by writing ix for 
x and using the identities : — 


sin ix — i sinh# 
cos ix - cosh# 
tan ix = i tanh# 


where i==J( - 1). 



184 


TABLE OE INTEGRALS, VI. 1-& 


VI. — TRIGONOMETRICAL FORMS. 

Note . — Tlie substitution of px + q for x and of p.dx for dx , gives 
more general foirns of VI., 16, 19-25. 

Sp. Case : — x + ^ for x and - dx for dx changes every trigono- 
metrical ratio of x into its complementary function. 

1. j sin (px + q)dx = C - cos (px + q ) . 

Sp. Case : j sin xdx — C - cos x . 

2. /cos (px + q)dx = C + -1 sin (px + q) . 

J p 

Sp. Case : j cos xdx = C + sin x . 

3. I tan (px + q)dx = C - log c cos (px + q ) . 

Sp. Case : Jtan xdx — C - log ( cos x . 

4. J cot (px 4- q)dx = C + 1 log e sin (px + q ) . 

Sp. Case : j cot xdx = C + log c sin x . 

5. /sec (px + q)dx = C+ 1 W 1 +sin («?±2) 

^ 2/3 1 - sin (y?a: + </) 


I log, tan ( 


?r + 


6. f cosec (px + q)dx = C + —log, * 008 ( V x + < l) 

J 2p ' 1 + cos (px + q) 


= C + Llog e tan^. 


7. Jsm 2 (px + g)dx = C + y - T 8ln ( p X + g) cos (p* + q). 

8. jcoa 2 (px + q)dx = C + ~+ 1-ain (px + q) cos(px + q). 



VI. TRIGONOMETRICAL FORMS, 9-19. 
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9. jt&n 2 (px + q)dx =C - x+ A. tan (px + g) . 

10. j cot 2 (px + q)dx = C - x - -j- cot (px + #) . 

11. J sec 2 (jw + q)dx — C + -i- tan 4- 5) . 

12. Jcosec 2 (px 4 - q)dx = C - cot (7^ 4* </) . 

13. 1 sec(^ + <z). 

J cos> 2 (px + q) p 

14. f cos (?« + yH* = c _ 1 co , ec (p* + q ) . 

J sin 2 (^xc 4- q) p 

15. f — — =C+ 1 log, tan(f« + f/). 

J sm ( px + q) cos ( p.r + q) V 

16. Jsm n xdx, j cos".;v/.r, j J J eotVd* . 

J For the first two integrals use 11. F. or TX. B. 1, 2. 

J „ second pair „ IX. B. 3, 4. 

( „ „ last pair „ VI. 21, 22. 

See also VI. 19. 

17 . J sin (px + q) cos ”(px + q)dx = C - — cos n+1 (px + q) . 

18. Jcos (px + q) sin v (px + q)dx = C + sin" +, 0>a; + q) . 

19. j sin"* cos "xdx . Four methods. 

Method I. (1) if to is an odd positive integer, use X=cosa; 

(2) „n „ „ . „ „ X^sinx 

(3) „ to + n „ even negative „ „ X=tan x 

and the integrals become rational. 

Method II. If to and n are positive integers, use II. F. 

Method III. Use IX. B. 5, 6, 7 or 8. 

Method IV. If to or n or both are fractional, use Xasin x 
or = cos x, and expand the binomial factor which results. 
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VI TRIGONOMETRICAL FORMS, 20-25. 


20. j sin™# cos”# sin qx cos rx dx . 

Where m, n , </, r are positive integers, use LI. F. 

2J. j tan” xdx . 

M n , tan 7,_1 .r tan w ~ 3 .r , , . - 

If n is even, =* C 4- — A ± tan x + x . 

n - 1 77-3 

t i , tail 71 ” 1 # tan w ~ a # , . tan~.r , 

„ „ odd = C + - Q + ± - ± lo&cosa?. 

77 -I n - 3 2 

22. fcoi n xdx — C — cot' 1-1 :/’ + ^ cot 77- ± cot a: hF oj, 

J n - 1 w - 3 

if 77 even. 

= C - * cot 71-1 # + — — cot 71 — ± J cot 2 # 

w 77 — 3 + ] 0 g ffi j n ^ ^ odd. 


23 


; /„<**_ 

J a + ft cos # 


= C + 


1 


cosh ^ 

^(ft 2 - a 2 ) " a + ft cos 


. 1 a cos .r + ft 


if ft 2 >a 2 


- C + —1--- cos-> 

— ft 2 ) a + 5 cos x 


24. f L 

J a A- b cos # + c sm # Jo 


dX 


i + ft cos # -f c sin # ./ a + J(b 2 + c 1 ) cos X 

where X==#- tan -3 ~ . (See VI. 23.) 

Sp. Case : (1) when c— 0, it becomes VI. 23. 


(3) when & = 0, „ „ 

“• MT ~' ' dX - 

if a >&, m+l<n, where tan ^== tan ~ , 

2 V « + & 2 

= QnZay-iJ ( b ~ a coshX ) m ( J coshX - 


if a< fc, wi + 1 <ra, where tanh . 


'ft - a , a? 
tan - 

2 

Expand in each case by Binomial Theorem, and use II. A., 
then VI. 16 or 19, or Note at end of V.* 


r See Appendix P. 
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Appendix P. 


The definition of X here given is the best for ready calculation 
of its value ; but it is well to note that 


tan 


X fa 

2 Va 


-h 
+ 6 


tan — means also 


sin X 


v V - 1? 


Sill X 

a + b cos x 


cos X - 


a cos x + b 
a + b cos x 


tan X — J*** 

a cos x + n 


dX= 

a + o cos x 


Definite Integrals with Particular [or Numerical ] Limits . 


frr/2 [irV 

26. / sin 7 Wa; = / cosPxdx 

J o ./ u 

fnl‘2 

27. j sin m ic zo$ n xdx = 


2r (i +i ) 

Tl/W + 1\ |-l/ 71 + 1\ 

V 2 / IX ) 


(See X. 1-6.) 
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VI. TRIGONOMETRICAL FORMS — APPENDIX Q. 


Appendix Q. — Some otiieii Special and some moke 
General Cases. 

VI. (7) and (8). 

jsm 2 (px + q)<lx =s C + - --sin 2(px 4- q) . 

/ x 1 
cos 2 (px 4- q)dx = C 4- y -f ^siii 2(p# 4- #) . 

VI. (17) and (18). 

/ sin (px + q) cos (px 4- q)d.c - C 4 ^ sin 2 (px 4- q) 

= 0- cos 2(px 4- q) . 

4p 

f . / >. , 7N7 ~ # *° s {(p ^ r )'* + q + k\ 

J sin (^ 4- tf) cos ( rx 4- k)dx*= C +7) ~ 



Ai> + '•) 


cos 

f (y; - r)^ + y 

-*} 


2(/' - r) 


sin 

{(p + r)x + q 

+ /.} 


~2,(p + r) 


sin 

{(iJ-r).B + <7 

-A). 


2(^-r) 


sin 

{ (p + r)# + # 

+*} 


2(p 4- r) 


sin 

{( p-r)x + q 

-*} 


2(p - r) 

I sin px sin (px -f q)dx = C 4- cos q T ~ sin (2pa? 4- g) . 

VI. (2G) and (27). 

/ w/2 . /V/2 fn 

sin xdx = 1 = / cos ascfa; . / sin = 2 . 

o Jo Jo 


/: 


COStfcZiSs 


COS xdx = 


■r. 


sm xdx . 


/ ‘In 

* 

/ sin 2 xdx = = / oos l xdx* 

o 2 Jo 

jJ P sin 2 (pa: 4- g)<fo = ~ cos 2 (pa; 4- </)^a; . 
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If p~ld and r~md t l and m being integers', that is, if d be 
the greatest common factor or divisor of p and r, l and m being 

calculable by A_ = ii : then p . ~ -l.'lir and r . = m . 2tt. 

27T 

Therefore, since 27r = 360 o , the addition of to x in any com- 
et 

posite trigonometrical function of both (px + q) and Q'x + k) brings 
the function recurrently back to tin* same value. It also does 
the same to any similar function of { (p + v)x + constant} or of 
{(y> - + constant}. Therefore the definite integration be- 

tween any value :r 3 and x { + -75 of each of the three functions 

given above, VI. (17) and (18), namely of sin( ) cos( ), 
sin( )sin( ), and cos ( )cos( ), gives zero integral. 


Also 


ST 


sin (px + q) 


cos(px + q)dx — 0. 


If x denote flux of time, then -75 is the lapse of time, or 

d 

“period,” between successive recurrences of identical values of 
any composite trigonometrical function of (px + q) and (rx + k), 
corresponding to the “ beats 99 of the composite harmonic function. 


The two harmonic functions have the different periods 


- and 
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TABLE OF INTEGRALS, VII. 1-5. 


VII. — INVERSE FUNCTIONS. 

[Note . — These can be transformed into integrals involving the 
corresponding direct functions by substitutions like X=sin -1 # 
. \ a=ssin X . \ dx=, cos X dX , etc.] 

N.B.— smh“V= log,{.r + J(l + s 2 )}. 

cosh “ l x = log, { x ± J(x~ - 1 ) } , x > 1 . 

tanh" 1 ^ — loge^" X ; x< \ . 

2 1 - x 

, 1 i x + 1 i 

coth h x = -~log e ~ — ; x>\. 

2 X — I 

sech -1 # = cosli -1 — — log,^ “ * _JL r J • x < 1 . 

x x 

cosech -1 ^ — siiih' 1 -- — log/--i-^ — * — \ if x > 0 

, ]os ,lL&t€>,az <0 . 

gd _1 # = secb~ l cos x = tanh _1 sin x = sinh'Han x 

= 2 tanh-Han |- = log,taii(-J f J) = -J-' lo 4 ~£ *' ’ 




VII INVERSE FUNCTIONS, 6-12. 
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6. J cosec ~ l xdx - C 4- x cosec 4- log e {# 4- J(x 2 - 1)} 

= C + x cosec “b; 4- cosh -3 # . 

7. J si n\r 2 xdx = C 4- x sinh _] ^ - ^(1 4- x 2 ) . 

8. Jcosli'^dx ~ C 4- x cosli ~ J x — J(j.r - 1 ) . 

9. j tanli ~ 3 xdx = C 4- x tanli ‘ h‘ 4- J log, (1 - x 2 ) . 

= C + * g * Iolt, (1 4 ’■) + 1 -^l°K e (l - x). 

10. j eotlrWr - C4-.rcolh' 1 *+i]og ( (a: 2 - 1) 

= C + -j 1 log,(sc + 1) - * 2 1 log e (* - 1) . 

11. Jaoch'hedr — C + rsech' 1 * — cos' 1 *. 

t 

12. J cosecli ] xdx =-C-jrX cosecli X x 4- sink" V. 
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TABLE OF INTEGRALS, VIII. 1 9. 


VIII. MIXED FUNCTIONS. 

/si n xdx ~ ,r ;i x b x? 

1. c+*- 3 _ SI+5Jjl - 7>7! +-~. 

2 j ^- ==C ^°^-2.2« + 4.4f“66f + ‘-- 

3 [Umxdx 4(i - DB,,,-' 4^(4-'- 1)1!^ 4\4’- 1)B^ 

‘ ‘ J x 2 . 2 ' + 4.4 » 6 . 6 ! 

+ - — * 

4 foot xdx __ p _ 1 _ 4B r r 4 By 5 4"B ,.c r ’ * 

’ J jr ~ ~ x 1.2' ” 3.41 “ 5 6 ! * 

pr [sec xdx 1, 1 +sin.£ Z - ( . I . _ 1 . - ) 

/ = 0 Jog + / 4sin jj + 5 F sm°aj + 

./ 2 ; 2.r 1 - sin.*; J ( 3 f) 1 2 - 

Use II. A , II. F., and IX. C. 3 and 4. 

G. ( OOBBO J? < l'-C -1 + 2 | < 2 - 1 0 )Bi r +( 2 - J - I )y 

/ x x I 1.2! 3.4 1 

+ (2 5 -l)K^ ( . 

n.G! 

» [ e?dx n . x 2 a- 3 x* 

' )-^ -Q + l °gs e+ r+ 2,2 i + 3 . 3 ! + 4 . 4 ! + * 

8. Jz n d K ‘dx [»== a positive integer] 

=c+«“( 1) *’“ s 


+ “ - - 


w(rc- l)(w - 2) 2.1 


If is not a positive integer, use II. D. 
9. j^dx [m=z a positive integer] 

~~ ^ 6 { (m- 




(m-l)# m_1 (?ti - l)(w - 2)x m ~ 


H 


j 1 + 1 (* 

i-2) 2.x f (m- 1 )\J u 


e x dx /QS 

(m-l)ij x ' yhj . 7 .) 


(m - 1 )(m - 2) 

Otherwise see IX. C. 7. 

* For values of Bj B a see note at cud of Section VIII. 



VIII. MIXED FUNCTIONS, 10-18. 
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10. I x m+nx dx = / x m e nxloe e*dx 


Use II. A. and VIII. 18. 

U. / 8in(px + g)fe = C + £ %*™iZL+ y)__i i cos( g + ^} _ 

12. j<r+ b co8(pz + q)dx = je a * +t mn(jxe + q + J)dx. (SeeYIII.il.) 

13. j x n coef’x sm q xdz, 'where /> and y are positive integers. 

By II. F. and II. A. reduce to IX. C., 1 and 2. 

14. I F(ic)/(sin x, cos x)dx, [F ( ) and/( ) == rational integral 

J functions]. 

By II. F. and II. A. reduce to IX. C., 1 and 2. 

15. j log e (sin mx)dx = C - ^log e 2 - J^(sin ^ mx + ^2 s * n ^ mx 

+ ~ sin 6 mx + ~ sin 8 mx H ) 


£if . 


16. J log e (cos mx)dx = C - ^log e 2 + ~^(sin 2mx - —sin kmx 

+ psin 6 mx + ~ 2 sin 8 mx ) 

17. j log r (tan mx)dx = C - ^ (sin 2 mx + sin 6 mx + i sin 10 mx 

+ ^sin 14 thx + •). 

18. Jx m (lo&x) n dx = je«*+ 1 ' x X n dX 

Xslog^r. 

(See YIII. 8.) 
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vra. MIXED FUNCTIONS, 19 - 26 . 


19. j sr’^logai^cfo:, [F( )=a rational integral function] 
Use II. A. and VIII. 8. 


Definite Integrals with Particular \or Numerical ] Limits. 

20. J e~*af > dX‘*T'(n+ 1). (See X.) 

21. <s«x.) 

23. J if p>o. 


oo. 

X 


25. j ^log e (sin z)dx= - ylog,2. 


Note. — Bernoulli’s Numbers. 

B l B 2 B s B 4 B 6 B 6 B 7 B 8 B 9 B 10 etc., etc. 

t n n A Wot i *¥nf 4 ?ll ‘ 7 “ftrP* 



TABLE OF INTEGRALS, IX. A. 1. 
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IX.— F0RMUL2E OF REDUCTION. 


Note . — Formulas of Reduction may be obtained by combinations 
of I. 4, I. 7, and II. A, B, C. 


IX. A. Algebraical . 
j x m X r Jx where X==ax n + b 


m , n, r being + or - , whole or fractional indices. 

By the use of one of the subjoined formulas, the integral of any 
one of the following 9 functions may be reduced to that of any of 
the other 8 : 


/J( ,m f ?i 4 1 


x m X 1+1 

x m X r 

x m X r ~ l 


X vl -wX» 
/W i-«XM > 


(i) is useful when m and n are of opposite sign ; (iii), (iv), (v) 
are useful when r is - ; 

(iii) and (vi) used together give the reduction from x m X r to x m X r ~ 2 

(* v ) ii it ii ii ii ii ii n -X r 

(iv) „ (viii) „ „ „ „ „ „ „ „ x m ~‘ ln X r -\ 

N.B . — When r is a 4- integer, this integral can be dealt with 
by binomial expansion of X r . In other particular cases the sub- 
stitutions of TIL A. 15 and III. A. 20 may be used. 

(i) J af"X r tlx = ^ * l)b | 3 m+1 X' +1 - (m + 1 + nr + n)a j z m+H X r dx j 

(ii) 

(iii) 

(iv) 


(to + 

1 


(v) 

(vi) 


i W { ^ +1 " nxr+1 - (”* + 1 - «) & / '*" n X ** 

- (wr + - 1 y ft | - *-X- + (to + 1 +nr+n)J x m X rJ > l dx 

_ a?”‘ tl X r+2 a i »+i+.vr+i 

(m + 1)6- n(r+l)b‘ 2 ) 

_ (to + 1 + nr + n)(m + 1 + nr + 2n) r +x dx I 

TO+1 J ) 

- { * m+1 ’ n X r+1 - (m + 1 - n) j x m ~ n X r + l dx } 

| x m+1 X r + nrb J x m X r ~ l dx j 


1 


wH- 1 + nr 
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IX. FORMULA OF REDUCTION, A. 2-4. 


(vii) I'. 


af'X'dx = 


m 


| j | »'” +! X r - nra jx m < n X r ~'dx } 


(viii) 


(m + 1 + nr)(m + 1 + nr - n) { + ^ n ^ x ^ 

7)2 f 

+ - (m + 1 - «)wr^ J - Vta 


2. X==(dS& 2w + + c) 

(i) J.r"‘X r dx = — ~ + — | i» m + 1 X r + »rf J x m X T ~'dx 


(“) 


. J 1 T m+l-2nVr+l 

(m + 1 + 2wr)a ( 


- nrajx m+2n X r ~ l dx | 


- (m + 1 + nr - n)b J x m ~ n X r dj' 
-(m+1- 2 n)c j x m ~ 2n X r dx 

3. X==ax 2 + bx + c 

J x"'X-idx = ~ | af'-'X* - (m - fi x’^X'idx 

- (m - l)vJx m ~ 2 X~ldx 

If wa be a + integer, this reduces to III. B. 14 and 13. 


f 


4. X==ax 2 + bx + c 

' + 2(2r - 3)a jx~ r+1 dx J- 

If r be a + integer, this reduces to III. A. 16, 17 
„ „ (+ integer + £) „ „ III. B. 13. 



ix. formula; of reduction, b. i-s. 
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IX. B. Trigonometrical . 

Note . — The following formulae remain true when px + q is 
substituted for x and pdx for dx. (See II. O.) 

Sp. Case : If p = - 1, and q -- ^ radians, in this substitution, we 

deduce a new formula in which each trigonometrical ratio is 
replaced by its complementary ratio. 


N.B . — The following formulae, when n and mare integers, reduce 
bo the formulae referred to in the right-hand column. 


cos n ~ 2 xdx 


1. [sin n xdx = - — -sin n_1 ^ cos x + - — - f sin n '~ 2 xdx 

J n n J 

2. [ cos r, xdx = — cos w_1 ^ sin x + - — - [ c 

J n it J 

g f dx __ - cos # n 2 f dx 

J sin n x (u -1) sin n-1 £ + n - 1 J sin 71 " 2 # 

^ f dx __ sin x n- 2 f dx 
J cos v x ~ (n - 1 ) cos w-1 a + w - 1 J cos n ~ 2 jj 

5. X mtK ~Jsm m xcoB n xdx. 

X m n = * sin™* 1 # cos" -1 # + w * X,„ „ . 

= m + « sinm_la: C0S ’ M Kc + Zl l X ^ » 


) YI. 1, or 
j III. A. 1. 

) VI. 2, or 
j III. A. 1. 

| Yl. 6, or 12. 
| VI. 5, or 11. 


VI. 1, 2, or 
[ 17, 18, or 
III. A. 1. 


6. X, 


[ain m x 

, n— I r dx . 

J COB n X 


Y — 

n . 


1 sin m+1 a; n~m~ 2 X 
“ l'<M>sF 1 ff + ~ra-l m ' n_2 


1 sin”* -1 ® m - 1„ 

m-» cos n " 1 a: + m-M m ‘ 1!,n 


VI. 1, 3, 5, 
>• or 16, or 
IIT. A. 1. 
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IX. FORMULA OF REDUCTION, B. 7-0. 


r Y _ [ cos”# 
'• ^m,n — I • m 

J sm m a? 


dx 


1 cos n+1 £ m-n- 2 V 

n + «- --&■« 

T/V 


<1 r • • m— 1 1 ' 

m - 1 sm m m - 1 


1 cos"~ l a: n - 1 

T" n i — h ■ 


8. X, 


l,» — / • 

J si: 


n - m sin” -1 # ft - m m,w “ 2 
dx 

sin m # cos w £ 


VI. 1, 2, 4, 
or 16, or 
III. A. 1. 


v __ 1 1 ft + ft? - 2 Y 

Am * n ~ ^ + v-i v *- 2 


1 


1 


m + n 2 y 

1 . m— i «— i i n 

sm m x cos” x m-l 


l VI. 5, 6, 
15. 


9. jian n xdx = fe-P— ' X - - j tan n ~ 2 xdx . 



IX. FORMULA OF REDUCTION, C. 1-11. 
IX. C. Mixed, Functions. 
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jx n l 


pin mxdx = — — cos mx + 
m 


/jj n 

n co8 mxdx — — sin mx - 


mj 

— f aj rt-1 si 
mj 


*-h 

o f sin mx.dx __ sin mx m f cos mxd 

* J x n (n- l)a n ~ 1 + n - 1J x n ~ x 

. f cos raa: , __ cos mo; m f sin mx 

J ^~ dX ~ ~n-lj x n ~ r 


_1 cos mxdx 
-1 sin mxdx 

mxdx 
m f sin mxdx 


YI. 1, or 2, 
when n is a 
^ positive in- 
” teger. Other 
wise,U8e II. D. 
and II. A. 

If n s a posi- 
tive integer 
► YIII. 1 or 2. 
Otherwise, 
use II. D. 


6. j <log»)V<fc - ^ (log *)• - -Jtj Oog*)- V* }S.J* 


6 . 

7. 

8 . 


I x m a nx dx 

V 


/« 

f 


-dx 


e?*Q / o& n xdx 


= ^ » fx—ardx 

n log f a n log e aJ 

_ - e* If e*dx 

“ (m~ IK 1 - 1 + m -~l) ^ 


} 

} 


IV. 2 if m= 
a positive 
integer. 

YIII. 7 if m 
is a whole 
number. 


e^cos* sin a; + a cos a;) 
rc 2 + a 2 


4- ^ — Y f ^cos n ~ 2 xdx . 
n 2 + a 2 J 


IY. 2 if w= 
even positive 
^ integer. 

VIII. 12 if n 
~ odd positive 
integer. 


n f n* • «. * e^am^xfasmx-ncoax) 
9. j e l “mn n xdz = ^ > 

+ — ™ — ~ [ d^ain n ~ 2 xdx 
n 2 + a 2 J 


IY. 2 if ra is an even 
positive integer. 

VlII. 11 if nz=odd 
positive integer. 


10. 



/ COS n £C 

11. 

f *. 


; sm n « 


e a *{acos£B - ( n - 2)sin&} a 2 + (n - 2) 2 7 
(w - l)(w - 2) cos”"" 1 * + (n - l)(n - 2)i cos w ~V 

^{asina + fo- 2 )oqb 3:} a 2 + (r&--2) 2 f e?*dx 
(n- l)(n - 2)sin w_1 a: (n - 1)(» - 2 jj sin n " V 
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X. GAMMA FUNCTIONS, 1-6. 


X.— GAMMA FUNCTIONS. 

Properties of the Gamma Function. 

1. Definition: T (n) = f e~ x x n ~ l dx>~j ^log e -~-j ^ x 

where n>o. 

2 . r(n+l) = nV(n). 

3. If n is a positive integer F (n) = in - 1) ! and F (1) = 1. 

4. r (w)F (1 - u) — - if n > o and < 1. 

5 T(n)= \ where a is a positive integer. 

N.B. — Legendre, in his Traite des Fondions Elliytiques , Yol. 
II., gives an extended table of 1000 entries from = 1 to » = 2, to 
12 decimal places. 

6. Table of Values of 1 +log lo r(w). 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

•9999 

•9753 

•9513 

•9280 

•9053 

•8834 

•8621 

•8415 

•8216 

•8021 

1*1 

•7834 

•7653 

•7478 

•7310 

•7147 

•6990 

•6839 

•6694 

•6554 

•6421 

1-2 

•6292 

•6170 

•6062 

•5940 

•5834 

•5732 

•5636 

•5545 

•5459 

•5378 

1*3 

•5302 

*5231 

•5165 

•5104 

•5047 

•4995 

•4948 

•4905 

•4868 

•4834 

1*4 

•4805 

*4781 

•4761 

•4745 

•4734 

•4726 

•4724 

•4725 

•4731 

•4740 

1*5 

•4755 

•4772 

•4794 

•4820 

•4850 

•4884 

•4921 

•4963 

•5008 

•5057 

1*6 

•5110 

•5167 

•5227 

•5291 

•5359 

•5430 

•5505 

•5583 

•5665 

•5750 

1-7 

•5839 

*5931 

•6027 

•6126 

•6229 

•6335 

•6444 

•6556 

•6672 

•6790 

1*8 

•6913 

•7038 

•7167 

•7299 

•7433 

•7571 

•7712 

•7856 

*8004 

•8154 

1*9 

•8307 

•8463 

•8622 

•8784 

•8949 

•9117 

•9288 

•9462 

•9638 

*9838 


N.B . — To calculate T(w), when n is given : — 

If wsa positive integer, see 3. If n> 1 and <2, use the table. 
If ft >2, by using (2) make the value depend on one m which n 
lies between 1 and 2. Thus T(3 -52) = 2 52 x 1 *52 T(1 -52). 

If »<1, use (2) to make the value depend on one in which 

n> 1 : thus P(n) = ^ * Example : F ('63) = • 



XL DIFFERENTIAL EQUATIONS, A. 1-7. 


201 


XI. DIFFERENTIAL EQUATIONS. 

N.B. — exp(X)~e x . 

XI. A. First Order, First Degree . 

1. X' + raX = 0, X«Ce-“ or x= - — log 5-. 

m 6 C 

2. X'+/(^) = 0, X = C -jf(x)dx. 

3. X' + X/ (x) — 0, X = C exp { - j f(x)dx} . 

Sp. Case : f(x) = mx n ; log ^ . 

C + 1 

4. X' + X/(:e) = <£(*) 

X = — J /(#)d;e}[C + J </>(x)exp{ j f(x)dx}dx ] . 

Sp. Case : /(a?) = /r, . \ X' + kX = ; 

X=e -A: *{C + J<f}(x)e kae dx}. 

5. X'-*(»)/(X) , jj^ = j<t>(x)dx. 

Sp. Case : *(*) = !, X'=/(X), z = 

6. /(#,X)X' + </>(.£, X) = 0 . If the condition ^ is fulfilled, 

cX 

then 

j<t>(x,X)dx + j[f(x, X)- J a ^J-WJrfX = C 

or jf(x,X)dX + J^(*X) - = C 

the integrations being partial. 

Afofe. — If the equation as given does not fulfil the above con- 
dition, it may do so after being multiplied throughout by a function 
of * or X or both, called the Integrating Factor. (See Boole, 
chapters IV ., V.) E.g. (x 2 X + X + 1 ) + X'(x + x*) . 

Integrating Factor, 1/(1 -j-as 2 ). Solution : xX + tan~ l a; = C . 

7. Xy(x,X) + <t>(x,X) = 0 where f(x,X) + <j>(x,X) is homogeneous 

in x,X. Substitute X=a?Jf and reduce to XI. A. 5. 
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XI. DIFFERENTIAL EQUATIONS, A. 


8. (ax + bX + c)X‘ + (/x + gX + h) = 0. 

Assume ax + bX + c=z ; fx + </X + A=Z , hence 

- Z'z +/z-gZ = 0. (See XI. A. 7 or 3.) 

Exc. when a:b*=f:g , put M^ax + bX , hence 
(J + e)(S -a)+g$ + bh = 0 . (See XI. A. 5 Sp. Case.) 

9. X' + X/(x) = X n <f>(x ) . Substitute J^X 1 "" . Then 

J' + (1 - n)$f(x) = (1 - n)<b{x ) . (See XI. A. 4.) 

10. If xX' = (AX -f B)(aX + b) ; 

then Cx a = , where a — Ah — «B. 

aX + b 

If xX' = aX2 + ?>X + e; 

then Cjt“ = ^ , where a ~ JtP - 4 ac. 

11. If xX' = (AX + B)(aa: + b) ; 
then AX + B = i".e A| “+°L 



XI. DIFFERENTIAL EQUATIONS, B. 
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IX. B. First Order > Ferond or Higher Degree . 

1. /(£,X,X') = 0. If possible, solve for X*. Each solution X' 
= <£(#,X), solved by XI. A. if possible, gives part of the 
general solution. 


2. /(X,X') = 0. Use XI. B. 1 if possible: otherwise solve for 


X if possible Each solution X = <£(X') gives x — j^^-,-'dX' 
+ C . Then eliminate X' between the last two equations. 

/( x,X') = 0 . Use XI. B. 1 if possible : otherwise solve for 
x if possible. Each solution x = <£(X') gives X = j X' <£' (X')dX' 
4- C . Then eliminate X' between the last two equations. 


4. X<= xX' + /(X') . (Clairault’s Equation) X = cx + f(c) . 

See § 202, p. 123. 
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Xi. DIFFERENTIAL EQUATIONS, C. 


XI. C. Second Order. 

1 . X" + vi l X = 0 , X = A cos mx + B sin mx 

— C cos {mx + K). 

2. X" - m~X = 0 , X = Ae m< + Be -™ . 

3. X" + a X' + bX = 0. Two forms 

X = e ~ axl ' 2 1 Aexp^ ~ J{d i - 4b)J + Bexp^ - ~ J(a 2 - 4 b)') J 

when d i >4h 

= e -a*n | A cos^-,/ 4 1 - a 3 ) + B 8in (fV4*^ 2 ) j 
= O— * cos | | -J(ib - a 2 ) + K j- 

4. X" =/(4 X = fj f(x)dzdx + Ax + B . 

5. X" =/(X) a = /^(c +^J/(xj^x) + K • 

6. X" + aX' + 5X=/(4 

By XI. C. 3, find £ by solving J" + aX' + b£^ 0. 

„ XI. A. 4, „ 8 „ „ *E' + {2j' + aJ}E=/(4 

Then X^sjudx. See § 2 1 6, page 1 32. 

7. X" + X'/(x) + XF(x) = <£(4 

Find M if possible from J6" 4- Xf(%) + = 0. 

„ S by XI. A. from U# + &{2$' + #f(x)} - <£(*). 

Then X — Hda?. See § 214, p N age 130. 

8. where X is a function of a and 

dx 2 <iy 2 

General integral solution : — 

x 4 + !) + 44) 

where the forms of the functions /( ) and $( ) are deter- 
mined by limiting conditions. 


when a‘2 

<4 b. 

* 



XI. DIFFERENTIAL EQUATIONS, D. 
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XI. D. Order higher than Second. 

1 f(x X 1 ' 1-11 X (n) ) = 0. Put $ = X 1 "-", and equation becomes 
’ /(s’ J, J') = 0- (See XI. A, or B.) 

2. fix, X 1 "- 21 , X ,n_1) , X w ,) = 0. Put if = X'" -21 and equation 
• becomes f(x, if, if', if") = 0. (See XI. C.) 

3. X<”» -/(*). 

r(n) 

x - I f(x)dx n + C^”- 1 + C 2 tf w - 2 + - — + C* . 

4. X< n) + a 1 X (w “ 1) + a 2 X ,w ~ 2) + - - - - + a n _ ,X' + a„X - 0 

X = C 1 e TO i * + * + + G n e m n x 

where m v m<>, m n are the roots of the auxiliary equation 

m n + Oj‘ m n_1 + a 2 m n ~ 2 -f + a n _ v m + a n = 0. 

jVotfe 1.— If —p + q J~l and m 2 =p - q J - 1 are a pair of 
imaginary roots, the terms C/V + C 2 e m 2 * are equivalent to the 
real form fP x ( A cos qx + B sin </#). 

iVote 2. — If there her equal roots m v m 2 m n each = /*, the 

corresponding terms in the value of X are (C x + + G.x l + 

+ G r x r ~ l )e» x . And if there are r pairs of imaginary roots each 

= p + qj - 1, tlie terms are 

e^jAjCOS qx + B x sin qx + z(A 2 cos qx *f B 2 sin qx) + 

+ a; r “ 1 (A r cos qx + B r sin qx)} 

5. X (n) + a 1 X (n ” 1) + a 2 X (n ” 2) + — - + a n X = b 0 + \x + b#? + + M r • 

Differentiate both sides r + 1 times and solve the resulting 
equation by XI. D. 4. This solution is too general, having 
n + r + 1 arbitrary constants: but by substituting in the 
equation and using 1. 11, we get r + 1 relations between the 
constants. 

Otherwise : see XL D. 6. 
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XI. DIFFERENTIAL EQUATIONS, D. 


6. X<"* + ajX'”- 11 + a 2 X ,n ~‘■ ^, + - — + a„X =/(*.) 

Let X = F(*) be the solution on the supposition that 
/(*) = 0. (See XI. D. 4.) 

r-n r 

Then X = F(#) -f 2 A r exp(m r x) J exp{ - m 1 xf(x)}dx i 

where A x A 2 are such as to make the equation 

„ ^ A 2 _ ^ j 1 

m-mi m- m> m - m n m '* + a,#?/ 1-1 -f- apn n ~- H h a n 

identically true. (See II. PI.) 

Another method : By variation of Parameters ; see Forsyth, 



XI. DIFFERENTIAL EQUATIONS, E. 
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XI. E. Partial Differential Equations . 

1. U — Cexp(ax + a 2 a 2 t) 

where C and a are arbitrary constants, 
or y — {A cos ax + B sin ax}exp( - a 2 a 2 t), 

A and B being arbitrary constants. 

General Solution: y = sum of any number of solutions like 
the above. 

[ a 2 , 

E.g. y — ) ¥(a)exp(ax + where E is an arbitrary 

J a i 

function. 

2. = a 2 y = E(# + at) +/ (a; — a£) 

where F and / denote arbitrary functions. 


0 d 2 tj , Tfi/J f 0 2 // , (7/ , LIJ , , ~ 

3 + 'V +./ + i/S + i*y=o 

ot z Oxtit cx~ ot ox 

y = Ce aT+ ^ where C, a, /3 are arbitrary; but a, /? subject to 
the condition 

afi 2 + ba/3 + ca 2 +f/3 + <ja -f k — 0. 

General Solution . y = the sum of any number of such 
particular solutions. 

4 - a % + h % + c = 0 ’ (7 + ay) = ^.' + %) 
where t£==an arbitrary function. 
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